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13  ABSTRACT 


The  Covering  Condition  (enabling  the  application  ot  necessary  teat*  on  all  cells  in  an  array)  and  the 
Existence  of  Sensitized  Path  Condition  (enabling  the  propagation  of  the  effect  of  a  faulty  cell  to 
some  boundary  output'  for  the  testability  of  combinational  cellular  arrays  of  rectangularly  and 
unilaterally  interconnected  rails  ere  analysed  separately  In  this  paper.  Some  properties  <.  n  the 
existence  of  a  rectangular-  (as sere  covering  eome  ClO-statuses  are  uncovered.  A  nect  asary  condition, 
namely  the  full-balance  condition,  for  the  existence  of  a  set  of  recta  ngular-tesaerae  covering  all 
CfO-statuses  on  the  CIO-table  specifying  a  cell,  suggests  that  the  result  of  a  simple  calculation  will 
enable  one  to  determine  the  need  for  finding  some  prime  tessellation  with  respect  to  a  CJO-jrctus.  A 
procedure  for  finding  a  prime  tessellation  with  respect  to  a  given  ClO-status  is  presentee.  U  is  seen, 
for  a  class  of  combinational  cellular  arrevs,  that  some  arrays  can  be  very  efficiently  tested  independent 
of  the  size  cf  the  array  where  only  nor. prime  tessellations  are  to  be  found  end  the  number  of  tests 
depends  on  the  size  of  the  tollable  array  where  a  prime  tessellation  w  fh  respect  to  some  CIO- status  Is 
to  be  found.  This  property  Is  conceivably  true  tor  the  genera)  class  of  combination  cellular  arrr.ys. 

Two  necessary  conditions  for  the  combinational  cellular  array  testing,  which  ora  also  sufficient  for  the 
detection  of  the  presence  of  e  single  faulty  cell,  are  analogously  carried  over  to  the  situation  for  the 
testing  of  sequential  cellular  arrays.  The  results  regarding  the  testability  ci  combinational  cellular 
arrays  are  Immediately  extendible  to  fault  detection  and  location  in  the  first  categoiy  sequential  cellular 
arrays  where  the  state  of  each  memory  element  in  every  cell  car  be  set  or  reset  through  the  extarr.il 
control.  An  immediate  implication  is  that  if  the  logic  circuit  in  each  cell  under  some  state  can  facilitate 
ar  efficient  testing  on  a  first  category  sequential  cellular  array  of  cell*  each  undar  the  state,  then  the 
array  Is  testable;  furthermore,  the  faultlessness  of  this  "hardcore"  enables  the  location  of  a  faulty 
jell  with  soma  uncertainty.  Some  convenient  assumptions  enable  one  to  ssiobfleh  acme  sufficient 
conditions  for  the  efflcle&t  fault  detection  and  1  cation  in  ae-.cr  J  category  •equentlal  cellular  arrays, 
of  two  dimensions  as  well  #s  of  one  dimension,  where  each  cell  is  some  Unite-state  machine  Infor¬ 
mation  iosslessness  lof  a  finite-state  machine)  is  a  sufficient,  but  not  necessary,  cv'cltton  for 
reconstructing  the  call  response  to  iomi  test  sequence  from  some  sequence  of  boundaiy  outputs.  A 
considerably  lower  upper  bound  on  the  finite  order  of  the  information  loealeaanete  of  th$  -f.nlte-etote 
machine,  where  the  cardinality  of  the  Input  set  equals  that  of  the  putpui  set.  U  conjectured .  In  a 
special  case  where  the  assumption  that  each  cell  can  be  initialized  to  its  initial  stste  a?  *  ,y  tima 
upon  a  command  is  not  made,  one  is  able  to  determine  the  testability. 
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ABSTRACT 


The  Covering  Condition  (enabling  the  application  of  necessary 
tests  on  all  cells  in  an  array)  and  the  Existence  of  Sensitized  Path 
Condition  (enabling  the  propagation  of  the  effect  of  a  faulty  cell  to  some 
boundary  output)  for  the  testability  of  combinational  cellular  arrays  of 
rectangularly  and  unilaterally  interconnected  cells  are  analyzed  separately 
in  this  paper.  Some  properties  on  the  existence  of  a  rectangular-tessera 
covering  some  ClO-statuses  are  uncovered.  A  necessary  condition,  namely 
the  full-balance  condition,  for  the  existence  of  a  set  of  rectangular- tesserae 
covering  all  ClO-statuses  on  the  CIO-table  specifying  a  cell,  suggests 
that  the  result  of  a  simple  calculation  will  enable  one  to  determine  the  need 
for  finding  some  prime  tessellation  with  respect  to  a  CIO- status.  A 
procedure  for  finding  a  prime  tessellation  with  respect  to  a  given  ClO-status 
is  presented.  It  is  seen,  for  a  class  of  combinational  cellular  arrays,  that 
some  arrays  can  be  very  efficiently  tested  independent  of  the  size  of  the 
array  where  only  nonprime  tessellations  are  to  be  found  and  the  number  of 
tests  depends  on  the  size  of  the  testable  array  where  a  prime  tessellation 
with  respect  to  some  ClO-status  is  to  be  found.  This  property  is  con¬ 
ceivably  true  for  the  general  class  of  combinational  cellular  arrays.  Two 
necessary  conditions  for  the  combinational  cellular  array  testing,  which 
are  also  sufficient  for  the  detection  of  the  presence  of  a  single  faulty  cell, 
are  analogously  carried  over  to  the  situation  for  the  testing  of  sequential 
cellular  arrays.  The  results  regarding  the  testability  of  combinational 
cellular  arrays  are  immediately  extendible  to  fault  detection  and  location 
in  the  first  category  sequential  cellular  arrays  where  the  state  of  each 
memory  element  in  every  cell  can  be  set  or  reset  through  the  external 
control.  An  immediate  implication  is  that  if  the  logic  circuit  in  each  ceil 
under  some  state  can  facilitate  an  efficient  testing  on  a  first  category 
sequential  cellular  array  of  cells  each  under  that  state,  then  the  array  is 
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testable;  furthermore,  the  faultlessness  of  this  "hardcore"  enables  the 
location  of  a  faulty  cell  with  some  uncertainty.  Some  convenient  assump¬ 
tions  enable  one  to  establish  some  sufficient  conditions  for  the  efficient 
fault  detection  and  location  in  second  category  sequential  cellular  arrays, 
of  two  dimensions  as  well  as  of  one  dimension,  where  each  cell  is  some 
finite-state  machine.  Information  losslessness  (of  a  finite-state  machine) 
is  a  sufficient,  but  not  necessary,  condition  for  reconstructing  the  cell 
response  to  some  test  sequence  from  some  sequence  of  boundary  outputs. 

A  considerably  lower  upper  bound  or  the  finite  order  of  the  information 
losslessness  of  the  finite-state  machine,  where  the  cardinality  of  the  input 
set  equals  that  of  the  output  set,  is  conjectured.  In  a  special  case  where 
the  assumption  that  each  cell  can  be  initialized  to  its  initial  state  at  any 
time  upon  a  command  is  not  made,  one  is  able  to  determine  the  testability. 
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Chapter  I 


INTRODUCTION 

The  essential  part  of  the  analysis  of  the  fault  detection  and  loca¬ 
tion  in  cellular  arrays  is  to  develop  a  procedure  for  determining  where  or 
not  a  cellular  array  of  arbitrary  size,  with  a  given  specification  in  terms 
of  the  external  behavior  of  the  typical  cell  without  any  implication  with 
regard  to  the  physical  implementation  of  each  cell,  is  testable.  By 
testable  it  means  that  the  presence  of  a  single  faulty  cell  in  the  cellular 
array  can  be  detected  by  observing  the  boundary  output  sequence  in 
responding  to  some  boundary  input  sequence.  An  essential  interest  is  to 
find  the  properties  of  the  cell,  in  terms  of  its  external  behavior,  of  the 
cellular  array  of  arbitrary  size  such  that  the  cellular  array  with  these 
properties  is  testable.  Another  interest  is  to  find  the  boundary  input 
sequence  to  be  applied  to  the  cellular  array  of  arbitrary  but  finite  size 
such  that  all  cells  in  the  cellular  array  can  be  tested  completely.  Only 
after  the  testability  of  a  cellular  array  is  affirmed,  can  one  study  addi¬ 
tional  constraints  on  the  cellular  array  for  the  location  of  the  single  faulty 
cell  within  some  Number  'J  of  ceils,  where  u  is  called  the  uncertainty 
in  location,  or  even  to  the  location  of  multiple  faults. 

Some  work  has  been  done  with  regard  to  ihe  fault  detection  [l  l] , 

[  1 2  j,  [l  7],  [18]  and  location  [l  l]  ,  [l  8]  in  combinational  cellular  arrays  .  It 
is  known  that  there  are  combinational  cellular  arrays  where  at  least  one 
GlO-status  cannot  be  covered  by  any  nonprime  tessellation;  but  no 
procedure  was  giver,  for  finding  some  tessellation,  specifically,  some 
prime  tessellation  with  respect  to  a  given  ClO-stntus,  to  cover  that 
ClO-status.  Breuer  [3]  has  investigated  the  fault  detection  in  a  linear 
cascade  of  identical  machines,  where  each  machine  is  finite  state, 
reduced,  strongly-connected ,  and  can  be  reset  to  its  initial  state  at  any 
time  upon  a  command. 
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In  this  paper,  a  cellular  array  is  a  uniformly,  rectangularly, 
and  unilaterally  interconnected  array  of  identical  cells.  This  does  not 
necessarily  constrain  one  from  extending  the  study  in  this  paper  to  the 
situation  where  diagonal  interconnections  are  allowed.  Throughout  this 
paper,  the  assumption  of  the  presence  of  single  faulty  cel]  in  a  cellular 
array  will  be  maintained,  the  fault  in  a  cell  in  a  cellular  array  is  assumed 
to  be  nontransient  and  may  affect  the  cell  output  in  any  arbitrary  way, 
and  all  logical  functions  are  understood  to  be  completely-specified. 

Some  properties  on  the  combinational  cellular  array  testing  are 
developed  and  a  procedure  for  finding  some  prime  tessellation  with  respect 
to  a  given  CIO-sta:us  is  presented  in  Chapter  II.  The  results  for  the 
combinational  cellular  array  testing  can  be  easily  extended  to  the  fault 
detection  and  location  in  second  category  sequential  cellular  arrays  (both 
one -dimensional  and  two-dimensional)  are  investigated  in  Chapter  IV. 

Some  convenient  assumptions  enable  one  to  establish  some  sufficient 
conditions  for  the  second  category  sequential  cellular  array  to  be  testable. 
In  a  special  case  where  the  assumption  that  each  cell  can  be  initialized 
to  its  initial  state  at  any  time  upon  a  command  is  not  made,  some  properties 
are  found  to  be  necessaryand  sufficient  for  the  cellular  array  of  that  case 
to  be  testable. 
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Chapter  II 


FAULT  DETECTION  IN  COMBINATIONAL 
CELLULAR  ARRAYS 

A.  Introduction 

Since  the  specification  of  the  typical  cell  in  the  combinational 
cellular  array  is  given  in  terms  of  the  external  behavior  of  the  cell  without 
any  implication  of  its  physical  implementation  (at  gate  level)  and  the  fault 
within  a  cell  may  affect  the  cell  output  in  any  arbitrary  way,  it  will  be 
assumed  that  all  inrut  combinations  are  to  be  applied  to  a  cell  to  test  the 
cell  completely  in  this  chapter.  At  the  end  of  this  chapter,  remarks  will 
be  made  in  connection  with  the  situation  where  the  physical  implementation 
of  the  cell  in  the  combinational  cellular  array  is  known.  Within  the  scope 
of  this  chapter,  an  array  will  be  understood  to  be  a  combinational  cellular 
array  unless  otherwise  stated. 

Two  necessary  conditions  for  the  array  testing  will  be  analyzed 
separately  for  two-dimensional  arrays.  Some  properties  of  the  cell  in  the 
array  are  found  to  be  sufficient  for  obtaining  efficient  boundary  input 
combinations  to  test  an  array  completely  independent  of  the  array  size. 
There  are  cases  where  at  least  one  input  combination  is  not  applicable 
to  the  typical  cell  in  the  array.  There  are  cases  where  some  procedures 
are  to  be  followed  such  that  some  boundary  input  combinations  can  be 
determined  which  enable  all  cells  in  the  array  to  have  some  input  combi¬ 
nation  applied.  The  implication  of  a  ClO-statuses-compatible  mapping 
on  the  array  is  that  with  the  application  of  some  boundary  input  combina¬ 
tion  to  the  array,  each  cell  in  the  array  has  some  input  combination  applied 
as  described  by  the  ClO-statuses-compatible  mapping  on  the  array. 
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B .  General  Conditions  for  Testability 

Under  the  assumption  that  all  input  combinations  are  necessary  to 
test  a  cell,  these  are  two,  well-known,  necessary  conditions  that  must  be 
satisfied  for  array  testing  for  tiie  detection  of  the  presence  of  a  faulty  cell 
in  an  array.  They  are  the  Covering  Condition  and  Sensitized  Path  Condition 
as  follows. 

Covering  Condition:  Every  input  combination  must  be 
applicable  to  every  ceil  in  the  array. 

Sensitized  Path  Condition:  For  each  input  combination  to 
a  cell  and  each  possible  cell  output  change  due  to  a  fault, 
there  must  exist  at  least  one  sensitized  path^  from  that  cell 
to  one  of  boundary  outputs. 

These  two  conditions  together  are  sufficient  for  the  Detection  of  the 
presence  of  single  faulty  ceil  in  an  array. 

C.  Two-Dimensional  Arrays 

Let  Sj  be  the  set  of  all  positive  integers.  Let  each  element  in 
the  set  SjXSj  identify  the  location  of  some  cell  in  the  doubly-infinite  array 
of  cells.  Thus,  C  ,  where  i , j cS^ ,  denotes  the  cell  at  the  location  (i,j) 
in  an  array  of  cells.  The  general  configuration  of  a  two-dimensional  array 
of  finite  size  is  shown  in  Figure  1.  For  a  cell,  the  finite  horizontal  input 
set,  the  finite  vertical  input  set,  the  finite  horizontal  output  set,  and  the 

1  Consider  cells  in  an  array  as  nodes,  boundary  input  terminals  as  sources, 
boundary  output  terminals  as  sinks,  interconnections  and  the  connections 
to  boundary  terminals  as  edges  in  an  oriented  graph,  then  a  sensitized  path 
from  a  cell,  denoted  by  node  n^,  to  a  boundary  output  terminal,  denoted  by 
sink  n^,  is  a  path  from  n^  to  n^  such  that  when  the  leading  edge  of  the  path 
(coming  out  from  n^)  is  perturbed  from  its  nominal  value,  the  remaining 
edges  on  the  path  are  perturbed  from  their  respective  nominal  values. 
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finite  vertical  output  set  are  denoted  by  X,Z,X,  and Z .respectively.  x,z. 

^  A  A 

and  £  are  arbitrary  elements  of  X,Z,X  ,  and  Z,  respectively.  X=  X  and 

A 

Z=  Z  are  implicit  here. 


«  • 


•  • 


Figure  1.  A  Two-Dimensional  Array  of  Size  mxn. 

Let  the  input-output  behavior  of  the  cell  in  an  array  be  described 

■A  A 

in  terms  of  a  mapping  F:XxZ-»XxZ.  This  mapping  can  be  specified  in  a  form 
of  the  cell-input-output-table f  abbreviated  as  CIO- table,  listing  all 
possible  cell  input  combinations  and  the  corresponding  cell  outputs.  A 
ClO-status  is  an  ordered  pair  of  a  cell  input  combination  and  its  corresponding 
cell  output,  in  other  words ,  a  ClO-status  is  an  element  in  f  (x,z,£,z)  (xeX, 
zeZ,iteX,  2eZ,  and  (&,2)  =  Ffx.z)1. 
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The  Covering  Condition  and  the  Sensitized  Path  Condition  for  the 
testing  of  two-dimensional  arrays  are  analyzed  separately. 

1 .  Covering  Each  Cell  in  an  Array  with  Every  Possible  Input  Combination 

The  problem  of  determing  the  constraints  on  the  cell  external 
behavior  under  which  every  possible  input  combination  can  be  applied  to 
any  typical  cell  in  a  two-dimensional  array  is  not  easy  because  a  cell 
input  combination  to  a  typical  cell  in  the  array  is  provided  by  an  entire 
subarray  of  cells  neither  to  the  right  nor  below  that  cell  with  that  cell 
excluded  where  the  matching  of  the  cell  input  and  the  cell  output  on 
adjacent  celis  must  be  observed. 

By  a  ClO-status  on  a  given  cell  is  compatible  with  the  ClO-statuses 
on  all  adjacent  cells  it  means  that  the  horizontal  input  part  of  the  CIO- 
status  on  that  cell  is  the  same  as  the  horizontal  output  part  of  the  CIO- 
status  on  the  cell  to  the  left  of  that  cell  and  the  vertical  input  part  of  the 
ClO-status  on  that  cell  is  the  same  as  the  vertical  output  part  of  the  CIO- 
status  on  the  cell  above  that  cell. 

Given  the  input-output  behavior  of  the  cell  in  on  array  of  size 

MxN  in  terms  of  the  mapping  F:XxZ-*Xx2,  define  a  CIQ-sta tuses-compatible 

mapping  on  the  array  to  be  a  mapping  G:C-*Sp  where 

C  =  tC  'Ufl.2.3 . Ml  and  J®ri,2,3,...  ,NH, 

Sp  =  f  (x,  z  ,  z)  IxeX,  zeZ.xcX,  2e  Z,  and  (x,  z)  =  F(x,  z)  1  ,  and  for  every 

C  cC,  the  ClO-status  on  C,,  i.e.  G(C .),  is  compatible  with  the  CIO- 
ij  ij  U 

statuses  on  all  adjacent  cells  in  C.  A  ClO-statuses-compatible  mapping 
on  the  doubly-infinite  array,  i.e/the'arfby  of  size  MxN  where  M  -*o»and  N-*®,  is 
said  to  be  a  tessella tlon. 

The  following  two  theorems  are  obvious. 

Theorem  1:  The  Covering  Condition  for  testing  an  array  of  size  MxN  is 
satisfied  if  and  only  if  there  exists  a  nonempty  set  S  of  ClO-statuses- 
compatible  mappings  on  the  array  such  that  each  ClO-status  on  the  CIO- 
table  specifying  the  cell  occurs  on  C  in  at  least  one  mapping  in  the  set  S 
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for  Vie  [1,2, 3 . M  t  and  Vjef  1, 2 , 3 . N} . 

Theorem  2:  The  Covering  Condition  for  testing  an  array  of  arbitrary  size, 

where  the  CIO- table  specifying  the  cell  is  given,  is  satisfied  if  there 

exists  a  nonempty  set  of  tessellations  such  that  each  ClO-status  on  the 

CIO-table  occurs  on  C.,  in  at  least  one  tessellation  in  the  set  S  for  VieST 

U  t  I 

and  VjeSj. 

In  recalling  that  the  existence  of  a  nonempty  set  of  tessellations 

such  that  each  ClO-status  on  the  CIO-table  occurs  on  C  ,  in  some  tessel- 

U 

lation  in  the  set  VieS^  and  VjeS^  is  also  necessary  for  satisfying  the 
Covering  Condition  for  the  double-infinite  array,  one  can  conceive  that  this 
property  is  also  necessary  for  satisfying  the  Covering  Condition  for  very 
large  (in  both  dimensions)  finite  arrays. 

The  tessellation  problem  here  is  actually  a  special  case  of  the 
Domino  Problem.  A  domino  is  a  square  plate  with  edges  colored,  one  color 
on  each  edge  but  different  edges  may  have  the  same  color.  The  type  of  a 
domino  is  identified  by  the  colors  on  its  edges.  Hence,  a  domino  can  be 
thought  of  as  a  quadruple  (a,b,c,d)  where  a,b,c  and  d  represents  the 
color  on  1st,  2nd,  3rd,  and  4th  edge,  respectively.  The  domino  game  is  to 
take  a  finite  set  of  domino  types  with  infinitely  many  pieces  of  every  type 
and  try  to  cover  the  infinite  plane  with  dominoes  of  these  types  such  that 
any  two  adjoining  edges  have  the  same  color  and  none  of  the  dominoes  is 
rotated  or  reflected  in  the  covering.  A  finite  set  of  domino  types  is  said 
to  be  solvable  if  and  only  if  tire  infinite  plane  can  be.  so  covered  with 
dominoes  of  these  types.  The  Domino  Problem  is  to  find  an  algorithm  to 
decide,  for  any  given  finite  set  of  domino  types,  whether  it  is  solvable. 

Kahr  et  al.  [10],  Wang  [19],  and  Berger  [2]  have  proven  that  the  Domino 
Problem  is  undecidable  meaning  that  there  does  not  exist  a  general  algorithm 
which,  given  the  specifications  of  an  arbitrary  (finite)  domino  set,  will 
decide  whether  or  not  the  set  is  solvable.  Tammaru  [18]  carried  the  same 
conclusion  of  the  undecidability  of  the  Domino  Problem  over  to  the  tessel¬ 
lation  problem  for  rwo-dimensionel  arrays.  In  essence,  Seth  [17]  conjectured 
that  in  general  the  condition  on  the  existence  of  at  least  one  tessellation  for 
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every  CIO- status  on  the  CIO- table  may  not  be  a  solvable  problem.  Notice 
that  the  Domino  Problem  deals  with  thg,  class  of  all  domino  sets ,  In 
identifying  the  special  features  of  the  tessellation  problem  with  respect 
to  the  Domino  Problem,  Kautz  [1 1]  noted  that  whether  or  not  the  special 
features  of  the  tessellation  problem  permit  the  existence  of  a  procedure  for 
solving  the  tessellation  problem  remains  to  be  determined. 


a.  Existence  of  Rectangular- Tesserae  and  Tessellations 


One  can  also  consider  a  ClO-status  q  as  a  quadruple  (a,b,c,d), 
where  a,b,c,  and  d  are  x-component,  z-component,  x-component,  and 

■4 

z-component  of  q,  respectively.  A  superscript  on  a  ClO-status  can  be 

-*X  -4 

used  to  designate  its  component,  for  instance,  q  is  the  x-component  of  q. 

In  the  remainder  of  this  chapter,  these  notations  on  the  Cl  O-status  will  be 
adopted. 

For  some  finite  positive  integer  n,  an  n-tuple  of  ClO-statuses 
(q^, q2 .  • . . dn) ,  where  q^cSp  =  f  (x, z,£, 2)  |xeX,  zeZ,  £eX,  zeZ,  and 
(x, i)  -  F(x,z)  1  for  Vie fl,2 ,3, . . .  ,n1 ,  is  said  to  be  a  row- chain  if  and  only 

A  A 

if  q*  =  q*  and  q*  =  q*  ^  for  Vis{2,3,4, .  . .  ,n}.  Similarly,  for  some  finite  . 
positive  integer  m ,  an  m-tuple  of  ClO-statuses  (q^ ,  q^  ,  q^ , . . . ,  qm) ,  where 
q  eS  for  Vie  f  1,2, 3,  .  . .  ,rrO,  is  said  to  be  a  column-chain  if  and  only  if 

■4  ^  4'^  -47  -42 

q=q  and  q/=  q.  .  for  Vie  [2, 3, 4, . . .  ,ml  .  For  some  finite  positive 
1  m  i  i-i 

integers  m  and  n,  an  m*n-tuple  of  ClO-statuses  ((^^'^p.'^lS'  ’  *  ’  ,qin)' 

(q21'q22'q23'*',,q2n) . ((qml'  qm2  '  qm3  '  * * ' '  qmn}) '  WherS  qijeSF 

for  Viefl ,  2 , 3 , . .  .  ,m}  and  Vjef  1 , 2 , 3 , . . .  ,nl  is  said  to  be  a  rectangular- 

tessera  if  and  only  if  (q^,  q^»  . . . ,  qln}  is  a  row-chain  for  Vie {1,2, 3, 

.  . . , ml  and  (q .  ,  q _  ,  q  , ...  ,  q  .)  is  a  column-chain  for  Vje {1,2,3, ...  ,  n}. 
ij  zj  jj  mj 

TMs  rectangular- tessera  is  said  to  be  of  order  mxn. 

Another  way  of  viewing  a  recta nular- tessera  (pi.  rectangular-tesserae) 
is  as  follows.  For  some  finite  positive  integers  m  and  n,  an  m  •  n-tuple  of 
ClO-statuses  «?„,  qJ2>  q[3 . 5,n>.  (?2r  *2r  q23 . S2n> . 
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^ml  ,qm2'  ^m3"  *  *  where  SF  for  Vi e { 1 , 2 , 3 ,  . .  ,m]  and 

Vje{l,2,3,...,n}  is  said  to  be  a  rectangular- tessera  if  and  only  if  there 
exists  a  mapping  H:  D.Sp.  where  D-  {C^,  C  (k+J),  Cr(k+2) . Cr(k+n_r 

C(r+I)k'  C(r+l)(k+»,C(r+l)(k+2) . C(r+1) (k+n-1) . C(r+m-l)k,C(r+m-l)(k+l)' 

^(r+m-1) (k+2) . <Wl)(k+n-l>1  for  some  r'keSI'  satlsfi,lng  <»  «<%>  = 

q(i-r'l)(j-k+l)  ^°r  ^e^r'  r+*'  r+2,  *  *  •  'r+m“^  and  vJe(k/  k+1,  k+2, . . . ,  k+n-1  “I, 

(2)  for  every  C  eD,  the  ClO-status  on  C  is  compatible  with  the  ClO-statuses 

*J  A  A 

on  all  adjacent  cells  in  D,  and  (3)  H(C^k+n_^)X=  H(C,k)X  and  H(C^+m  ^  )  = 

H(Crj)Z  for  Vie{r,  r+1,  r+2, . . . ,  r+m-1}  and  Vje{k,k+1,  k+2, . . , ,  k+n-1}. 

A  rectangular-tessera  T  is  said  to  cover  all  ClO-statuses  in  a  set  S 

if  every  ClO-status  in  the  set  S  appears  in  the  rectangular-tessera  T, 

Theorem  3:  Given  an  n-tuple  of  ClO-statuses  (q. ,  cL  .....  q  . ,  a  ) .  where 
~  ^  12  n-i  n 

qiG^F  =  IxgX,  zeZ,  xeX,  zeZ,  and  (x,z)  =  F(x,z)}  for  Vie[l,2, ...  ,n} 

for  some  finite  positive  integer  n,  if  (1)  (q^,q2 , . . .  ,  q^  ^.q^)  is  both  a  row- 

chain  and  a  column- chain,  (2)  (q  , q  ,  .  . . ,  q  ,  q  )  is  a  row-chain  and 

^  ^  n  i  ^  n  ^  ^ 

(q„.q„  .  ,q0,q,)  is  a  column-chain,  or  (3)  (q. , q  , . . . , q  ,,q  )  is  a 

n  n-i  i  i  12  n-l  n 

column-chain  and  (q„,q„  .  .  .  ,q^,q^  is  a  row-chain,  then  there  exists  a 


1 

n  n-J 


rectangular-tessera  of  order  nxr  covering  all  ClO-statuses  q  ,  q  ' . . . , 

•+  ,  -♦ 
q  .,  and  q  . 
n-l  n 

Proof:  Suppose  the  hypothesis  holds. 

(1)  If  (q.,qL, .  .  .  ,q  .  ,q  )  is  both  a  row-chain  and  a  column-chain, 

-4  1-42-*  ^  11 

then  (q2,...,q  ,  q^,q)  is  both  a  row-chain  and  a  column-chain, 

(q0,...,q^  ,  ,q  ,  q.  ,  q.)  is  both  a  row-chain  and  a  column-chain, and 
6  n-l  n  1  2 

**♦  -►  . 

(q  , q  ,q0, .  . .  ,q  )  is  both  a  row-chain  and  a  column-chain.  Thus, 
n  l  t*  n— l 

(^ql '  q2  ^  •  * '  qn-l '  V  '  (q2 . Vl '  Qn  '  ql} '  (q3 . qn '  ql '  q2) . 

(q  «q,  fq0,...,q  ,) )  is  a  iectangular-tessera  of  order  nxn  coverino  all 

n  i  2  n-l 

ql,q2",,,qn-l'  6nd  V 

-4-4  4  ^ 

(2)  If  (q.,q  , . . .  ,q  ,q  )  is  a  row-chain  and  (q  ,q  , . . .  ,  q_.q,) 

l  2  n-i  n  n  n-l  2  1 

is  a  column-chain,  then  (q  ,  q,  ,q„,...,q  „,q  .)  is  a  row-chain , . 

n  1  2  n-2  n-l 


(q3'q4' 


fq,q,q)  is  a  row-chain,  (q„  ,  q,  , . .  .  ,  q  ,  q.)  is  a  row-chain , 
n  i  z  2  3  n  l 
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(qrVVr  . . .  ,q3<q2)  is  a  column-chain,  (q2,  VV  * ' '  •%  iS  3 

column-chain, ....  and  (q  ,,q  ...  ,q0,q,  ,q  )  is  a  column-chain. 

n-1  n-z  z  1  n 

Thus ,  ((qj  /  q2 - -  q^j /  '  (c*n '  ^ - *  V2  '  qn  J '  *  “  '  *q2 '  q3 '  •  *  * '  V  ql^ 

is  a  rectangular- tessera  of  order  nxn  covering  all  q  ,q  , . . .  .q^  y  and  q^. 

(3)  If(q  ,q  ,...,q  ., q  )  is  a  column-chain  and  (q  ,q  .  .,q0.-q.) 

1  z  n-i  n  n  n-l  z  1 

is  a  row-chain,  then  by  symmetrical  arguments  to  that  in  (2) 

“ql ' > ■  Vl'  -  • ' q3 •  q2> •  <q2 •  ql'  qn . q4'q3 . (qn-l '  qn-2 . ql ' q  n1 ' 

(q  «q  . ,  q„,q,))  is  a  rectangular-tessera  of  order  nxn  covering  all 

n  n-J  z  l 

*♦  -»  ■*  ,  *♦  gm 

qrq2 . Vrandqn~f 

Given  that  T  =  {(qu , q12 , qJ3 . ‘’in* 1  <q21' q22 ' q23 . q2n’ . 

. ‘I _ ))*  where  q..eS_  for  Vic  f  1,2, 3, - ml  and 

ml  mz  m3  mn  ij  F 

Vjc f  1,2,3, ...  ,nl  for  some  finite  positive  integers  m  and  n,  is  a  rectangular- 

tessera,  then,  ((qu,q12,q13 . qin'  qil'  qi2 '  ^3 . qlnJ ' 

-»-♦-*-»  ->>  .  -♦  -» 

^21  22  23  2n  ^  21  22  23  2n  ml  m2  m3 

q  >q  ,  ,q  „,q  ,»-..»q  ))  is  also  a  rectangular-tessera.  The  latter  is 

mn  ml  m2  m3  mn 

said  to  be  obtained  from  the  former  by  iterating  the  pattern  (of  the  former) 
once  in  the  horizontal  dimension.  Similarly,  the  rectangular-tessera 

((<jn ,ci12  -q13  -  •  •  •  *j?ln)  '_|q2r  q22  'tq23  '  ’  ’  ’  ^q2n} . _[qmr  qm2^qm3  "  ’  * ^mn* ' 

(qil  ’  qi2  '  qi3 . qin) '  (q21 '  q22  ' q23  '  ’  *  "  q2n) . (qml '  Qm2  '  qm3 . Qmn)! 

is  said  to  be  obtained  from  the  rectangular-tessera  T  by  iterating  the  pattern 

(of  the  rectangular-tessera  T)  once  in  the  vertical  dimension. 

Given  any  two  rectangular-tesserae  T^  and  T^,  if  T^  can  be  obtained 

from  Tj  by  iterating  the  pattern  of  T^  at  least  once  in  the  horizontal  dimension 

or  the  vertical  dimension,  then  T^  is  said  to  be  Implied  by  T^  or  T^  is  said  to 

imply  T2»  A  rectangular-tessera  T  is  said  to  be  minimal  if  and  only  if  T  is 

implied  by  no  rectangular-tessera.  In  the  remainder  of  this  paper,  all 

rectangular-tesserae  are  understood  to  be  minimal. 

Let  k  be  a  fixed  positive  integer  and  a  and  b  be  any  two  integers. 

V/e  define  a  -  b  mod  k  if  k  divides  (a-b).  For  any  integer  c,  we  define 

c  ,  ,  to  be  the  positive  integer  d  where  d  =  c  mod  k  and  0  <  d  s  k. 
mod  k 


•  •  / 


Let  and  be  two  rectangular-tesserae  of  the  same  order,  say 

\  =  ((qll'ql2‘qi3'  '  (q21'q22'q23'  ,,q2n),m  '  *  '_|qml '  Qm2  '  qm3 ' ' 

qrnn})  an°  Tp"  ((P11 '  P12  '  p13  "  *  "  Pln} '  (P21 '  P22  '  P23  '  *  * '  '  P2n} . 

/  *4  “♦  -4  .  . 

(P  ,/P  ~,P  p  ))  are  two  rectangular- tesserae  of  finite  order  mxn . 

ml  m2  m3  mn 

T  is  said  to  be  obtainable  from  T  with  horizontal-wise  rotation  of  k  slots, 

p  q - 

for  some  integer  k,  if  p. .  =•  q, .. 

13  i()-l)  , 

Vjefl,2,3,...,nl.  Similarly,!  is  said  to  be  obtainable  from  T  with 

P  q - 


mod  mJ 


for  Vie  fl ,  2 , 3  ,  , .  . ,  m  1  and 
1  to  be  obtainable  from  T 

c 

vertical-wise  rotation  of  k  slots,  for  some  integer  k,  if  p..  =  q,.  ,  > 
-  13  (i-k) 

for  Vi e  f  1 , 2 , 3  ,  . . .  , m  i  and  Vj  e  f  1 , 2 , 3  , . . .  ,  n  1 . 

Let  S  be  a  set  of  all  rectangular-tesserae  of  same  order.  Define 
the  binary  relation  R  on  the  set  S  as  follows:  for  all  s. -s^e  S,  s^Rs^  if  and 
only  if  s 2  is  obtainable  from  s^  with  horizontal- noise  rotation  of  k  slots 
and  with  vertical-wise  rotation  of  r  slots  for  some  integers  k  and  r.  One 
can  verify  that  the  binary  relation  R  on  the  set  S  is  reflective,  transitive, 
and  symmetric.  Hence,  the  binary  relation  R  is  an  equivalence  relation  on 
the  set  S,  For  any  two  rectangular-tesserae  and  T,y  of  same  order, 
is  said  to  be  equivalent  to  T  or  vice  versa  if  and  only  if  R  , 

^  1 1  If 

Given  a  rectangular-tessera  of  order  mxn,  one  can  mark  the  sub¬ 


array  of  cells  Cjj,  Cp  - - Cjn,C21,  C22  , 


,C2n . Cml'Cm2 . and 


C  in  the  doubly- infinite  arrav  with  CIO- statuses  according  to  the  pattern 
mn 

of  the  given  rectangular-tessera  and  then  mark  the  remaining  cells  in  the 
aoubly-infinite  array  with  CIO- statuses  according  to  the  resultant  pattern 
of  iterating  the  pattern  of  the  given  rectangular-tessera  infinitely  many 
times  in  the  horizontal  dimension  and  then  iterating  the  intermediate  result 
infinitely  many  times  in  the  vertical  dimension  to  obtain  a  tessellation. 

The  given  rectangular-tessera  is  said  to  induce  the  tessellation.  A  tessel¬ 
lation  which  can  be  obtained  from  the  resultant  pattern  of  such  an  iteration 
on  a  pattern  of  some  rectangular- tessera  is  said  to  be  nonprime.  A  tessel¬ 
lation  which  is  not  nonprime  is  said  to  be  prime. 

For  any  two  nonprime  tessellations  ^  and  which  are  induced 
by  the  rectangular-tesserae  T  and  T  ,  respectively ,  if  T  and  T0  are  of 

l  /,  I 

same  order  and  equivalent,  then  is  said  to  be  equivalent  to  ^  or 

and  ^  are  said  to  be  equivalent. 

1  l 


Given  a  rectangular- tessera  T,  then,  the  equivalence  class  of 

rectangular-tesserae  represented  by  T  iscl(T)  =  [T^lT  is  a  rectangular- 

tessera  of  the  order  same  as  T  and  R_  l. 

T  T 

Theorem  4:  Given  an  array  of  arbitrary  size  where  the  CIO-table  specifying 
the  cell  is  known,  if  there  exists  a  rectangular-tessera  T  covering  all 
ClO-statuses  in  a  subset  S  of  the  set  of  all  ClO-statuses  on  the  CIO-table, 
then  each  CIO~status  in  S  can  occur  on  G,  in  at  least  one  tessellation  in 

4  i 


the  set  S^j.  of  all  nonprime  tessellations  induced  by  all  rectangular-tesserae 
in  cl(T)for  VieSj  and  VjeS^,  Moreover,  the  number  of  steps  required  to 
enable  all  cells  in  the  array  to  experience  all  CIO- statuses  in  S  can  be  not 
greater  than  fcl  (T)  I ,  where  Icl  (T)  denotes  the  number  of  elements  in  the 
set  cl(T)  and  is  bounded  from  above  by  m*  n  where  mxn  is  the  order  of  T. 

Proof:  Suppose  the  hypothesis  holds.  The  systemic  way  of  generating 
cl(T)  from  T,  where  the  order  of  T  is  mxn,  is  obtaining  an  element  incl(T) 
from  T  with  horizontal-wise  rotation  of  k  slots  and  with  vertical-wise 
rotationof  r  slots  first  for  k  =  0  and  r  =  0,  second  for  k  =  0  and  r  =  1, 
third  for  k  =  0  and  r  =  2 ,  . .  . ,  for  k  =  1  and  t  =  n-1, .  .  .  ,  for  k  =  m-1  and 
r  =  0,  for  k  =  m-1  and  r  =  1, . . .  ,  and  finally  for  k  =  m-1  and  r  =  n-1.  Thus, 
bl(T)1  -s  m*  n.  Let  be  the  set  of  all  nonprime  tessellations  induced  by 
all  rectangular-tesserae  incl(T).  It  is  clear  that  !cl(T)|.  It  is  also 

clear  that  each  ClO-status  in  S  can  occur  on  C  in  at  least  one  nonprime 
tessellation  in  S^.  for  Vie [1, 2 , 3, .... m  1  and  Vie [1, 2 , 3 , . . . , n  1 .  Therefore, 
each  ClO-status  in  S  can  occur  on  C  in  at  least  one  nonprime  tessellation 
in  S^j.  for  VieSj  and  VjeS^.  Each  nonprime  tessellation  in  Sg.  facilitates  a 
step  to  enable  each  cell  in  the  anay  to  experience  some  CIO- status  in  S. 

All  nonprime  tessellations  in  Sg  provide  sufficient  steps  to  enable  all  cells 
in  the  array  to  experience  all  ClO-statuses  in  S.  Hence,  the  number  of 
steps  required  to  enable  all  cells  in  the  array  to  experience  all  ClO-statuses 
in  S  needs  not  be  greater  than  ^ 
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The  following  theorem  is  then  obvious. 

Theorem  5:  Given  an  array  of  arbitrary  size  where  the  CIO-table  specifying 
the  cell  is  known,  if  there  exists  a  rectangular-tessera  T  covering  all 

-¥  -4 

ClO-statuses  in  a  subset  S  =  f  q  ,  q  , _ _ q  }  of  the  set  of  all  ClO-statuses 

\  L,  l 

on  the  CIO-table,  then  the  number  of  steps  required  to  enable  all  cells 

in  the  array  to  experience  all  ClO-statuses  in  S  in  utilizing  the  information 

provided  by  the  set  of  all  nonprime  tessellations  induced  by  all  rectangular- 

tesserae  in  cl(T)  is  bounded  below  by  [— — ; - -r]  ,  where  mxn  is 

the  order  of  T,  T  is  the  number  of  appearances  ol  q  in  T  for  Vie [1 , 2  , .  . .  ,  t1 , 

min.  (T). ,  H„  ,  . .  . ,  T)  )  is  the  smallest  one  of  71. ,  T)  , . .  .  ,  *  and  m  is  the 
1  £*  t  1  Z  t 

smallest  integer  not  less  than  r. 


Given  an  n-tuple  of  ClO-statuses  (q, ,  q„  ,  q„  ,  .  .  .  ,  q  ) ,  where  for 

1  2  3  n 

every  iefl,?.3,...,n7,  q.eS  f  (x,  z,x, z)  *xeX,  zeZ.xeX,  zeZ,  and  (x,z)  = 
a  ^  Q  ^ 

Ffr.z)1,  X  =  X  =  fXj^  ,x^  ,  •  • .  ,x.  1,  and  Z  =  Z  =  \  ZyZ^,z^, .  .  .  .  Then, 

(q. /<L  icL/ •  .  • /Q  )  is  said  to  be  in  x/x-balance  if  and  only  if  the  frequency 
2  3  n 

-4  -4  *4 

of  occurrences  of  x.  at  the  x- input  component  over  (q, ,  q.  ,  q„ ,  .  .  .  ,  q  )  equals 
l  1  2  5  n 

that  of  x.  at  the  x-output  component  over  (q, ,  q„  ,  q., .....  q  )  for  all 
i  i  2  3  n 

iefl,  2 , 3  , .  .  . ,  j 7 .  (q, ,  q„  ,  q„  , . .  .  ,q  )  is  said  to  be  in  z/z-balance  if  and 

1  2  3  n 

only  if  the  frequency  of  occurrences  of  z.  at  the  z-input  component  over 

(q  ,  q  ,  q  .....  q  )  equals  that  of  z,  at  the  z-output  component  over 
l  z  j  n  i  ^ 

(q,  ,q.  ,q0,  .  .  .  ,q  )  for  all  ie  fl ,  2 , 3 ,  .  . .  ,  k  7 .  (q, ,  q„  ,  q_  ,  .  .  .  ,  q  )  is  said  to 

1  2  3  n  123n 

be  in  full-balance  if  and  only  if  it  is  both  in  x/x-balance  and  in  z/z-balance. 

Given  an  n-tuple  of  CIG-statuses  (q. ,  q„  ,q_  .....  q  ) ,  for  some 

12  3  n 

positive  integer  m  such  that  m<  n,  an  m-tuple  of  ClO-statuses 

-4  -4  -4  .4  -4  -4  «4 

(p, ,  P., .  P„ .  •  . .  ,  P  )  is  said  to  be  a  sub-n-tuple  of  (q  ,q  ,q  ....  ,q  )  if  p, 

1  J  m  1  z  j  n  l 

-4-4-4 

is  identical  to  exactly  one  of  q. ,  q„  ,  q_  .....  q  ,  p_  is  identical  to  exactly 

1  2  3  n  2 

•4-4-4  -4 

one  of  the  remainder  of  q. ,  q„  ,  q_  ,  . .  .  ,  and  q  after  the  one  identified  with 

12  3  n 

Pj  is  deleted,  and  p^  is  identical  to  exactly  one  of  the  remainder  of 
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q,  #  <?„  » <  •  •  •  /  and  q  after  those  identified  with  p, ,  p  .  , . 
12  3  n  12 


. ,  and  pj  are 


deleted  for  every  ief 3,4, ...  ,ml.  For  an  example,  (q^.q^q^)  is  a  sub-5- 
tuple  (<1^  <  q2  ,c^i '  q3 1  ^2  ' 

Theorem  6  (Property  1):  Given  a  set  of  3  (distinct)  ClO-statuses 

^  ^  — f  | 

S  =  ■  qi ' q2 ' q3 7 '  ^  ^l'ql  ,q2/C?3^  iS  in  ^u^-balance  but  no  sub-4-tuple  of 
the  4-tuple  (q  , q  ,  q  , q  )  is  in  full-balance,  then  there  exists  a  rectangular- 

1  1  M  J 

tessera  covering  all  ClO-statuses  in  the  set  S. 

Proof:  Suppose  the  hypothesis  holds  and  q^  =  (a^b^c^d^),  q^=  (a^  ,b^ , c^ ,d2), 
and  q^  =  (a^b^c^d^).  Then,  two  possible  cases  are  considered. 

Case  1,  a1  ^  c^:  Since  (fej ,  b^c^dj) ,  (a^b^Cj.dj) ,  [a^  ,b^  ,c^ , d2> , 
(a^.bg.c^^g))  is  in  full-balance,  a^  ^  Cj  implies  that  =  c^  =  a^  and 
a2  =  a3  ^  Cl*  1’hus ,  each  of  ((a^b^c^d^,  (a2<b2,c2,d2))  and  {(a^b^c^dj), 
(a3<b3>c3,d3))  is  a  row-chain. 

Subcase  la ,  /  d^:  Under  this  subcase,  d2  =  d3  =  b^  and  b2  =  b3  =  d^, 

then  (a  ,b  ,c  ,dJ)  and  (a  ,b  ,c  ,d  )  are  not  distinct,  a  contradiction  to  the 

L  L  L  L  OJOO 

hypothesis.  Hence,  subcase  la  is  impossible. 

Subcase  lb,  b^  =  d^  That  ((a^  b^ , Cj.d^  ,  (a^, b^Cj.dj) ,  (a2  ,b2  ,c2 ,d2), 
(a3,t3<c3,d^))  is  in  full-balance  and  bj  =  d^  implies  that  either  (a)  b2  =  d2 
and  b3  =  d3  or  (b)  b2  =  d3  and  b3  =  d2>  Under  (a),  then  each  of 
((ai , bi , Of , dj) ,  (a^  ,b2  ,c0  ,d2))  and  ((a^bj.Cj.dj),  (a3  ,b3  ,c3  ,d3))  is  in  full- 
balance,  a  cont'adiction  to  the  hypothesis.  Under  (b) ,  then  each  of 
((aj.b^Cj.dj),  te^bj  ,Cj,dj))  and  ((a2 ,  b2  ,  c^  ,d2) ,  (a3,b3,c3,a3))  is  a  column- 
chain.  Hence,  there  exists  a  rectangular- tessera  (((a^bj.c^d^), 

(a2  ,b2  'C2  ,d2 ^  -  (a3'b3'c3  'd3^  of  order  2x2  ccverin9  a11 

ClO-statuses  in  the  set  S. 

Case  2,  a^,  =  c^:  If  a3  ~  c^,  then  ((a,  ,b^,c^,dj) ,  (a^bj.c^d^))  is  a  row-chain 
and  bj  /  d  .  Thus,  d2  =  d3  =  b^  and  b2  *  b3  =  dj.  Hence,  each  of 
((a1<b1,c1,d1),(a2,b2,c2,d2))  and  ((a^bj.Cj.dj),  (a3 ,b3 ,c3 ,d3))  is  a  column- 
chain. 
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Subcase  2a,  =  c  :  Under  this  subcase,  ((a^,b^,c^,d^), 

(a ^,b^,c^,d^))  is  in  full-balance,  a  contradiction  to  the  hypothesis. 

Hence,  subcase  2a  is  impossible. 

Subcase  2b,  a^  ^  c„:  Under  this  subcase,  that  ((a^,b^,c^,d^) , 
(aj.bj.Cjfdj),  (a2<b2,c2,d2),  (a^ ,  b3 ,  c3  ,d  ))  is  in  full-balance  forces  that 
c3  *  a2  and  a^  =  Then,  ((a2,b  ,c2,d2),  (a3 '  b3  <  c3 'd3^  is  a  row-chain. 
Hence,  there  exists  a  rectangular-tessera  (((a^,b^,c^,d^) ,  (a^b^c ,d^)) , 

((a2 ,b2 ,c2 ,d2)#(a3 ,b3 ,c  ,d3)))  of  order  2x2  covering  all  ClO-statuses  in 
the  set  S. 

2 

Theorem  7  (Property  2)  :  If  the  cell  in  an  array  of  arbitrary  size  is  chosen 

A  A 

such  that  the  mapping  F:XxZ~*XxZ  describing  the  external  behavior  of  the 
cell  is  one-to-one,  then,  there  exists  a  set  of  rectangular- tesserae  covering 
all  ClO-statuses  in  the  set  S  of  ClO-statuses  describing  the  cell,  more¬ 
over,  the  number  of  steps  required  to  enable  all  cells  in  the  array  to  experi¬ 
ence  all  ClO-statuses  in  S^,  is  I X  ( • 1 Z  | . 

Proof:  Suppose  the  hypothesis  holds.  Let7\f=  { (x,  z)  IxeX  and  zeZl.  Let 
each  member  in  the  set  Tf  identifies  a  node  in  an  oriented  graph  =  (*/>), 
where  P  is  a  set  of  edges  obtained  as  following:  an  edge  e  from  the  node 
to  the  node  (x2,z2)e  exists  and  is  in  the  set  p  if  and  only  if 

A  A 

F(Xj,Zj)  =  (x2<z2).  Since  F:XxZ-*XxZ  is  one-to-one  (also  onto  because 

A  A  W 

XxZ  =  XxZ  and  is  finite),  each  node  in  the  graph  has  precisely  one 
incoming  edge  and  one  outgoing  edge.  Then  the  graph  Sf  is  actually  a 
graph  consisting  of  separated  subgraphs  where  each  subgraph  is  a  loop.  (A 
loop  can  be  a  self-loop  or  a  loop  containing  two  or  more  nodes.)  Let 
L  =  f  Lj ,  L2  , . . .  ,L^)  be  a  set  of  all  loops  in  the  graph  and  c(L.)  be  the 
number  of  nodes  in  the  loop  L.  for  Viefl,2,...,k'>.  One  can  claim  tha  t  there 

2 

A  special  case  in  Kautz  [11]  (Theorem  12).  The  "proof"  given  by  Kautz 
does  not  appear  to  be  adequate. 
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exists  a  set  of  rectangular-tesserae  (Tj^,  .  ..,T^/  where  T  is  a 
rectangular- tessera  obtained  from  the  information  revealed  by  the  loop  Lj 
and  is  of  order  £  (L^  x  £(1^)  for  Vie[l,2 , . . .  .k"* ,  covering  all  ClO-statuses 
in  the  set  Sp.  Indeed,  if  a  loop  L^cL  is  a  self-loop  containing  a  node 
'JVzi)e’V'  then,  clearly  (x^ ,  z, ,  x^ ,  z^)  is  a  CIO- status  in  the  set  Sp, 


thus,  there  exists  a  rectangular- tessera ,  say  T^,  consisting  of  the  ClO- 
statuses  (.lyZ^Xj, z^).  Suppose,  in  general,  L^L  is  a  loop  containing 


f(Lj)  nodes  (Xj.Zj)  ,  (x2 ,  zj ,  (x3  ,x3) , , . . ,  and  (x^  )'zc(L  )>'  where 
f  (X2  '  Z2I '  ^ ^X2 '  ^2^  (x,j ,  z^) ,  •  •  • ,  and  F(x^^  ^ ,  z  ^ ^  j  (x^ ,  z^) . 

Let  q  =  (x.  ,z,  ,x  , z„) ,  q  =  (x.  ,  z_  ,x„  ,  z .) ,  q  =  (x_  ,  z*  ,x , , z\) ,  . .  . ,  and 

^  1  liZZ  L  i  l  3  J  3  3  4  4 

“r  (Lj)  =  (xf  (Lt)  ■  2r  (L^  - Xr  Zl>  •  Then •  qj  . 3j . ^ eSp 

also  the  cO^)  -tuple  of  ClO-statuses  (q^,  ,  q3 ,  . . . ,  ^  is  both  a  row- 

chain  and  a  column-chain.  Then,  by  Theorem  3,  there  exists  a  rectangular- 


tessera,  say  T^,  of  order  c(Lj)xf(L  )  covering  all  the  ClO-statuses 

-4  -4  -4  -4 

q.  /q„/q„,  •  •  •  •  and  q  /T  . .  Furthermore,  the  number  of  steps  required  to 
12  3  £  (L^; 

enable  all  cells  in  the  array  to  experience  all  distinct  CIO- statuses 


444  4 

qi,q2.q3 . and  q  ^  ^  is  by  Theorems  4  and  5.  In  fact,  there  is  an 

obvious  one-to-one  correspondence  between  the  set  V  of  nodes  in  the  graph 


<5p  and  the  set  Sp.  Each  loop  in  the  graph  $•  identifies  a  rectangular- tessera 
in  the  set  fTj^/ . . .  ,T^1.  Thus,  there  exists  a  set  of  rectangular-tesserae 
covering  all  ClO-statuses  in  the  set  Sp  and  the  number  of  steps  required  to 
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enable  all  cells  in  the  array  to  experience  all  CIO- statuses  in  the  set  Sp 

is  the  number  of  ClO-statuses  in  the  set  S.^  which  is  |x|  •  |zl  .0 

-  a  *  z 

Given  a  mapping  F:XxZ-»XxZ,  a  reduced  mapping  FJ  ^  for  some 

Z  />  *  z  ^1 

z,ez  is  the  mapping  F]  :X-»XxZ  where  F]  J  (x)  =  F(x,z.)  for  VxeX. 

1  fl  Z1  1 

Theorem  8  (Property  3)J:  Let  the  cell  in  an  array  of  arbitrary  size  be 

A  A  A 

described  by  a  mapping  F:XxZ-*XxZ  and  the  two  mappings  F^:XxZ-*X  and 

F/>:XxZ-»Z  be  defined  by  {F.(x,z),F*(x,z))  =  F(x,z)  for  VxeX  and  VzeZ.  11 
z  x  z  z  «. 

the  cell  in  the  array  is  chosen  such  that  the  reduced  mapping  Fj  :  X-+X 

X  x  z 

is  one-to-one  for  VzeZ  and  the  reduced  mapping  F  J  :Z-»Z  is  one-to-one 

z  X 

for  VxeX,  then,  there  exists  a  set  of  rectangular-tesserae  covering  all 
ClO-statuses  in  the  set  Sp  of  ClO-statuses  describing  the  cell,  moreover, 
the  number  of  steps  required  to  enable  all  cells  in  the  array  to  experience 
all  CIO- statuses  in  the  set  Sp  is  |  X I  •  1 Z 1 . 

Proof:  Suppose  the  hypothesis  holds.  Let  V=  r  (x,  2)  IxeX  and  zeZ}  .  Then, 

there  is  an  one-to-one  correspondence  between  the  set  V  and  the  set  S 

X  X  A 

because  F*]  :Z-»Z  is  one-to-one  also  onto  (note:  F «]  :Z-*Z  is  one-to-one  if 
z  x  x  z  x 

and  only  if  F«]  :Z-*Z  is  onto  since  Z  =  2  and  is  finite)  for  VxeX.  Let  each 
z  x 

mumber  in  the  set  rr  identifies  a  node  in  an  oriented  graph  S r=  (*r.p>. 
where  F  is  a  set  of  edges  obtained  as  following:  in  edge  e  from  the  node 

A 

to  the  node  (x^,z^)  exists  and  is  in  the  set  p  if  and  only  if 
there  exists  a  ClO-status  qcSp  such  that  qX  =  x^ ,  q  “  =  iy  q  =  ,  and 

qZ  =  z^.  Then,  that  each  node  in  the  graph  has  precisely  one  outgoing 
and  one  incoming  edge  follows  the  facts  that  there  is  an  one-to-one  corre¬ 


spondence  between  the  set  7^*  anc*  the  set  S  and  the  reduced  mapping 

Z  *  * 

Fj  :X-*X  is  onto  also  one-to-one  for  VzeZ.  Thus,  the  graph  gj,  is 
X  z 

actually  a  graph  consisting  of  separated  subgraphs  where  each  subgraph  is 
a  loop.  Let  L  =  fLj ,  L^  ,...,  L^  >  be  the  set  of  all  loops  in  the  graph  Sy  and 
be  the  number  of  nodes  in  the  loop  L^  for  Vierl,2, . . .  ,ki.  One  can 
claim  that  there  exists  a  set  of  rectangular-tesserae  rT^ , T^  , .  . .  ,T  where 
3 

A  special  case  in  Kautz  [11]  (Theorem  13).  The  "proof”  given  by  Kautz  does 
not  appear  to  be  adequate. 
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T^  is  a  rectangular-tessera  obtained  from  the  information  revealed  by  the 
loop  L,  and  is  of  onder  C(L^)x  £(1^)  for  i e fl , 2  , . . .  ,k) ,  covering  all  CIO- 
statuses  in  the  set  Sp.  Indeed,  if  a  loop  L^eL  is  a  self-loop  containing  a 
node  (Xj.z^e  TV ,  then,  clearly  (x^ ,  z.,  x^ ,  z^)  is  a  CIO- status  in  the  set  Sp, 
thus,  there  exists  a  rectangular- tessera ,  say  T^,  consisting  of  the  CIO- 
status  (x^z^.x  ,2^).  Suppose,  in  general,  I^eL  is  a  loop  containing  c(L^) 
nodes  (x^Zj) ,  (x2 ,  ,  (x3 ,  zj , . . . ,  and  (x^L  ))  <  where  there  exists 

an  edge  from  the  node  (x^,  z^)  to  the  node  (xi+J,z^+j)  W  Vie f  1,2, 3, . . . , C (Lj)— 1 1 
and  there  exists  an  edge  from  the  node  (x^  )'*Y(L  tQ  the  node  Let 

^1  =  (xi»  z2  / x2  / Zj) .  q2  =  <X2  ' ^3  ' X3  '  ^2^ '  q3  ^  (x,  *x4  * ^  ,  •  •  • ,  and 

q„,T  \  =  (x,» /t  wZ ,,x.,2  ,T  J.  Then,  one  can  see  that  q.,q  ,q„,..  .,q  ,T  xeS 

f(LiU  1  1*  r(v,  L  f 


q3'q2'ql)  iS  d 


also  (q1'q2'q3'  *  •  *  ,q^(L  )*  lS  8  row-chain  and^qr(L  "  ,q3'q2'<V  iS  8 

column-chain.  By  Theorem  3,  there  exists  a  rectangular-tessera,  say  T. , 
of  order  fG^xCtL  )  covering  all  the  ClO-statuses  ^'^2'q3'  *  ’  ’  '  and  qr(L  )‘ 
What’s  more,  the  number  of  steps  required  to  enable  all  cells  in  the  array  1 
to  experience  all  distinct  CIO- statuses  q^ , q2  , q^  , . . .  ,  and  Q^L  ^  is  ^(L^) 
by  Theorems  4  and  5.  Indeed,  each  loop  in  the  graph  <5{-  identifies  a 
rectangular-tessera  covering  some  ClO-statuses  in  the  set  Sp.  The  fact 
that  the  graph  <£_  is  a  graph  of  isolated  loops  L^.L^, . .  . ,  and  reveals 
the  partition  on  the  set  Sp  such  that  each  CIO- status  in  the  set  Sp  is  in 
exactly  one  rectangular-tessera  in  the  set  fT^,T2 , . . .  .T^1 .  Thus,  there 
exists  a  set  of  rectangular-tesserae  covering  all  ClO-statuses  in  the  set 
Sp  and  the  number  of  steps  required  to  enable  all  cells  in  the  array  to 
experience  all  ClO-statuses  in  the  set  Sp  is  the  number  of  ClO-statuses  in 
the  set  Sp  which  is  ’X*  •  'Zl  f 

Theorem  9:  There  exists  a  rectangular-tessera  consisting  of  t  (not  necessarily 

distinct)  ClO-statuses  q.,q9, . . . ,  and  q  only  if  the  t-tuple  of  ClO-statuses 
-4  1  *  t 

(q  ,  q  ,  ...,q)  is  in  full-balance. 

1  u  L 
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Proof:  This  theorem  is  obvious  in  light  of  the  fact  that  every  row-chain 
is  in  the  x/£-balance  and  every  column-chain  is  in  z/z-balance.  M 

The  converse  statement  to  Theorem  9  is  not  true.  As  a  counter¬ 
example,  a  3-tuple  of  ClO-statuses  ((l,a,2,b),  (2,b,2,a),(2,c,l,c))  is  ;n 
full-balance  but  there  exists  no  rectangular-tessera  consisting  of  the  three 
CIO- statuses  (l,a  ,2  ,b) ,  (2  ,b,2  ,a) ,  and  (2,c,l,c). 

Given  a  set  S  of  ClO-statuses ,  if  there  exists  a  set  S  of  rectangu¬ 
lar-tesserae  rT,,T„ . TJ,  where  T,  consists  of  K.  ClO-statuses  for 

1  2  t  l  l  t 

Viefl,2, . . .  ,t),  covering  all  ClO-statuses  in  the  set  S,  then,  any  (  E  K  )- 

.  __  |  A 

tuple  of  ClO-statuses  consisting  of  all  ClO-statuses  in  all  rectangular- 
tesserae  in  the  set  S  is  in  full-balance. 

Theorem  10:  Given  a  set  S  of  j  CIO- statuses  r  q,  ,q„  ,  .  .  .  ,q  there  exists 

1  Z  i 

a  nonempty  set  S  of  rectangular-tesserae  covering  all  ClO-statuses  in  the 

set  S  only  if  there  exists  a  j-tuple  of  positive  inteyers  (m  ,m„,  . .  .  ,m.)  such 

j  ^  ^  ^ 

that  any  (  r  m^-tuple  of  ClO-statuses  consisting  of  copies  of  q^,  m 2 

copies  of*  *  q  ,  .  .  .  ,  and  m.  copies  of  q.  is  in  full-balance. 
z  ]  ) 

Following  Theorem  10,  one  has  the  following  result. 

-4  -»  -♦ 

Theorem  11:  Given  a  set  S{,  of  k  ClO-statuses  r  q^ ,  q^  ,  .  .  .  ,  q^  1  on  the 
CIO- table,  if  all  the  possible  nonnegative  integer  solutions  to 


(1) 

-♦x 

-♦x 

-♦X 

-»x 

-*x 

A 

-»x 

Vi + 

m2q2  +... 

'  +  mkqk 

smlql 

+m2q2  +... 

+  mkqk 

(2) 

-*z 

-*z  , 

-*z 

-*z 

2 -*2 

-*z 

mlql + 

m2q2+.. 

• +  mkqk 

’Vl 

+  m 

q2  +  ‘ 

+  mkqk 

>  '  *  ' 

.  ,  and 

m.  render 
k 

some  m. 

l 

=  0 ,  ie 

fl, 

2 . k^ 

,  then  q 
n 

be  covered  by  any  rectangular-tessera  , 

Given  a  set  Sj,  of  k  ClO-statuses  rq*j ,  q^  , . . .  ,  q^ 1  on  the  CIO- 
table  specifying  the  ceil  in  an  array  of  arbitrary  size,  the  nonnegative  integer 

^  hx  k  ^  ^  k  4  ^  k  -42 

solution  to  (1)  "  m.q.  =  E  m.q  .  and  (2)  r  m.q.  =  £  m.q.  for 

i=l  1  1  =1  1  1  i=l  1  1  =i  1  1 

m^.m^,...,  and  m^is  not  unique.  The  existence  of  a  solution  where  m.'s 

are  all  positive  integers  reveals  the  possibility  that  one  might  find  a  set 

of  rectangular-tesserae  covering  all  ClO-statuses  in  the  set  S^.  If  all  the 
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r 


possible  nonnegative  integer  solutions  to  (1)  and  (2)  for  m^'s  rander  at  least 

one  m  =  0,  je{l,2,...,k},  then  at  least  q^  can  not  be  covered  by  any 

rectangular-tessera,  consequently,at  least  the  existence  of  a  set  of 

prime  tessellations  such  that  q.  occurs  cn  C,  in  at  least  one  tessellation 

J  iP 

in  the  set  for  VieS^  and  VpeS^  is  necessary  for  the  Covering  Condition 

for  testing  the  array  to  be  satisfied. 

For  a  CIO- status  q^  in  the  set  S^,  of  all  CIO- statuses  on  the  CIO- 

table  specifying  the  cell  in  an  array  of  arbitrary  size  where  q.  can  not  be 

covered  by  any  recta ngular-tess era ,  a  prime  tessellation  with  respect  to 

the  CIO- status  q.  is  a  mapping  G:C-»S  where  C  =  fC.  |  ie  f  1 , 2 , 3 , . .  .  ,  Ml 
J  ^  i  iP 

and  pe  fl,  2 , 3 , .  . .  ,  Ni1 ,  G(C, =  q. ,  where  M  -*  <»  and  N  -»  ®  and  for 

MN  j 

every  C,  eC,  the  ClO-status  on  C.  ,  i.e,  G(C,  ),  is  compatible  with  the 
ip  IP  ip 

ClO-statuses  on  all  adjacent  cells  in  C.  The  existence  of  a  prime  tessel¬ 
lation  with  respect  to  the  ClO-status  q,  implies  the  existence  of  a  set 

of  prime  tessellations  such  that  q.  occurs  on  C.  in  at  least  one  tessellation 

]  IP 

in  the  set  St  for  VieS^  and  VpeS^  and  thus  enables  all  cells  in  the  array  to 
experience  the  ClO-status  q . . 

b .  Tessellations  for  Arrays  of  Cells  with  Binary  Horizontal  Input  and 
Binary  Vertical  Input 

It  is  to  be  determined  in  this  section  whether  or  not  the  Covering 

Condition  can  be  satisifed  for  each  one  in  a  class  of  arrays,  say  of  size 

MxN  where  M?2  and  N  >  2,  with  each  cell  having  a  binary  horizontal  input 

and  a  binary  vertical  input.  (That  it  also  has  a  binary  horizontal  output  and 

a  binary  vertical  output  is  understood.)  Specifically,  for  an  array  in  this 

class  with  its  cell  described  in  terms  of  a  set  of  four  ClO-statuses 

f q  , q  ,q.,q  1  on  the  CIO-table,  can  the  Covering  Condition  be  satisfied? 
12  3  4 

If  yes,  what  is  the  number  of  steps  required  to  apply  all  input  combinations 
to  all  cells  in  the  array? 
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The  Procedure  P  to  be  followed  is  following. 

Solve  1^*  +  m2q*  +  m3qj  +  m4V4  -  m,qf  +  +  V4 


,  *♦  Z  -»Z  .  -*Z  ,  -»Z 


->z  -» z  -»z,  ->  z 

mlql  +  m2qZ  +m3q3  ^  m4q4 


fora  nontrivial  nonnegative  integer  solution  for  m^m^m^,  and  m^. 

(A  minimal  solution  is  preferable.) 

52.  If  all  the  possible  nontrivial  nonnegative  integer  solutions  for  m^, 
m0,m-,  and  m  in  step  SI  render  some  m.  =  0,  where  icA  =  {j  |m  =  01, 
go  to  step  S6.  Otherwise,  proceed  to  the  next  step. 

53.  Fora  solution  for  m,  , m„,m_,  and  m.  obtained  in  step  SI,  let 

l  Z  i  n 

B  =  fj 'm.  >01  .  Form  a  (  T  m.)-tuple  of  ClO-statuses  with  m. 

J  ^  g  )  J 

copies  of  q  for  all  jeB.  ’  Let  it  be  P  . 

54.  Partition  F  into  several  sub-(  f  m.)-tuples  and  f, 

such  that  F.  is  a  (minimal)  sub-  (  v  m.)-tuple  of  f  satisfying  full- 
i  jcB  J 

balance  condition  for  each  iefl,  2  , .  .  .  ,  k  1  and  q.  is  in  at  least  one 
of  Fj » » •  •  • ,  and  for  every  j  e B . 

55.  Obtain  rectangular-tesserae  T^,T  ,... ,  and  from  rj,r2,...,  and 
f  .  Go  to  step  S8. 

56.  For  each  q  of  q  I  jeA-* ,  determine  a  prime  tessellation  with  respect  to 

l  j 

q,  using  Procedure  P  . 

Mi  P 

57.  If  all  prime  tessellations  stated  in  step  S6  are  found,  go  to  step  S3. 
Otherwise, return  with  an  indication  that  the  Covering  Condition  is 
not  satisfied. 

58.  (Note  that  the  Covering  Condition  is  satisfied.)  From  the  necessary 
prime  tessellations  obtained,  determine  the  number  of  steps  required 
for  enabling  all  cells  in  the  array  to  experience  all  q.efq.  (jeAl  . 

59.  Determine  the  number  of  steps  required  for  enabling  all  ceils  in  the 
array  to  experience  all  ClO-statuses  in  the  set  >  q  1  j c B }  from  the 
ncnprime  tessellations  induced  by  the  rectangular-tesserae  obtained 
in  step  S5,  take  into  account  the  possibility  where  the  number  of 
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steps  for  enabling  all  cells  in  the  array  to  experience  some  CIO- 
status  in  the  set  fq  (jeB)  might  have  been  accounted  for  in  step  S8, 
however. 

S10.  Take  the  sum  of  results  in  step  S8  and  in  step  S9.  Return  with  the 
result. 

Procedure  for  determining  a  prime  tessellation  with  respect  to 
a  given  q^eS  =  f  ,q^  ,  q^ ,  )  In  an  array  with  a  binary  x-input,  a  binary 

z-input,  a  binary  x-output,  and  a  binary  z-output: 

_  ^  ^  ^ 

1.1.  For  the  convenience,  denote  the  four  ClO-statuses  q,,q, ,q->  -  and 

1  L  ^ 

*4  /"'"v 

q^  in  a  given  CIO-table  by ,  1  ,2,3,  and  4  ,  respectively. 

1.2.  Consider  finding  a  prime  tessellation  with  respect  to  a  q^cS  as 
marking  unit  squares  each  with  some  q  eS  on  the  second  quadrant 
of  the  infinite  plane  such  that  the  most  lower-right  square  is 
marked  with  q.  and  for  each  square  the  compatibility  of  the  CIO- 
status  with  that  of  its  neighboring  squares  is  satisfied. 

1.3.  An  ordered  pair  (r,c)  is  used  to  identify  a  square,  where  r  and  c 
identify,  respectively,  the  row  and  the  column  the  square  is  in. 
The  enumeration  on  columns  is  from  right  to  left  and  that  on  rows 
is  from  bottom  to  top.  The  distance  d  of  (r,c)  square  is  defined 
as  d(r,c)  =  r+c. 

1.4.  For  some  positive  integers  M  and  N,  the  Procedure  for  marking 
the  array  of  MxN  squares  each  with  some  qeS  such  that  (1,1) 
square  is  marked  with  qi  and  for  each  square  the  compatibility  of 
the  CIO- status  with  that  of  its  neighboring  squares  is  satisfied, 
is  following: 

1 . 4 .  a  .  Set  COPY=A  a  nd  FLAG=G . 

1.4. b.  Proceed  the  following  Temporary  Marking  Procedure  for  each  of 

unmarked  squares  in  the  array  starting  from  one  square  with  the 
smallest  distance  and  in  the  order  of  monotonically  nondecreasing 
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in  the  distance.  After  going  through  the  Temporary  Marking 
Procedure  for  all  unmarked  squares,  if  the  number  of  unmarked 
squares  remains  the  same,  go  to  step  I.4.g.(  otherwise, 
proceed  to  step  I.4.c. 

Temporary  Marking  Procedure: 

(1)  For  a  typical  square  identified  by  (r,c).  li  (r,c-l)  square  has 
been  marked  and  each  ClO-status  has  the  same  x-component, 
say  o',  then  mark  (r,c)  square  with  all  q?fqeS|qX=  or1 
separated  by  a  slash  and  make  the  "  «-  "  indication  at 
the  common  boundary  of  (r,c)  and  (r,c-l)  squares,  go  to 
step  (5),  Otherwise,  proceed  to  tne  next  step. 

(2)  If  (r— 1 , c)  square  has  been  marked  and  each  ClO-status  has 
the  same  z-component,  say  R ,  then  mark  (r,c)  square  with 
all  qcr qeS|q  =  B1  separated  by  a  slash  "/"  and  make  the 
"I  "  indication  at  the  common  boundary  of  (r.c)  and  fr-1 , c) 
squares,  go  to  step  (5).  Otherwise,  proceed  to  the  next  step. 

(3)  If  (r,c+l)  square  has  been  marked  and  e<n  h  ClO-status  has 
the  same  x-component,  say  *  ,  then  makr  (r,c)  square  with 
all  qerqeS!q  =  *1  separated  by  a  slush  and  make  the 
"  -♦  "  indication  at  the  common  boundary  of  (r ,  c)  and  (r,c+l) 
squares,  goto  step  (5).  Otherwise,  oroceed  to  the  next  step. 

(4)  If  (r+I,c)  square  has  been  marked  and  each  ClO-status  has 
the  same  z-component,  say  9,  then  mark  (r,c)  square  with 
all  qefqeS|qZ  =  01  separated  by  a  slash  "/"  and  make  the 
"1"  indication  at  the  common  boundary  of  (r,c)  and  (r+l,c) 
squares,  go  to  step  (5).  Otherwise,  make  no  marking  on 
(r,c)  square,  proceed  to  the  next  step. 

(5)  Return  (to  the  calling  routine). 

I.4.c.  Proceed  the  following  Compatibility  Marking  Procedure  for  each 
of  all  pairs  of  marked  neighboring  squares  (r^,c^)  end  (r^.c^), 
where  d(r^,c^)  and  no  indication  appears  at  their 

common  boundary. 
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Compatibility  Marking  Procedure: 

(1)  If  under  no  circumstance  can  a  ClO-status  on  (r^,Cj)  square 

be  compatible  with  a  ClO-status  on  square,  return 

(to  the  calling  routine)  with  FLAG=R.  Otherwise,  proceed 
to  the  next  step. 

(2)  If  Cj  =  c^,  go  to  step  (3).  Otherwise,  r,  =  r^  here,  if  all 
ClO-statuses  on  ( x^.c square  have  the  same  x-component, 
say  a,  delete  those  ClO-statuses  on  (r^,c^)  having  some 
x-component  different  from  a,  go  to  step  (4) ,  else  if  all  CIO- 
statuses  on  (r^,c^)  square  have  the  same  ^-component,  say  3, 
delete  those  ClO-statuses  on  ^.c^)  square  having  some 
x-component  different  from  B,  go  to  step  (4),  otherwise,  go  to 
step  (5). 

(3)  If  all  ClO-statuses  on  square  have  the  same  z-component, 

say  i* ,  delete  those  ClO-status  on  (r^,Cj)  square  having  some 
z-component  different  from  f ,  go  to  step  (4),  else  if  all  CIO- 
statuses  on  (r^c^)  square  have  the  same  z-component,  say  0, 
delete  those  ClO-statuses  ot  (r2'c2^  sguare  having  some 
z-component  different  from  0,  proceed  to  step  (4),  otherwise, 

go  to  step  (5) . 

-'4)  Make  the  "A"  indication  at  the  common  boundary  of  (r^ , o^) 

ond  ( r2'c2 ^  r,0uares’ 

(5)  Return  (to  the  calling  routine). 

1.4. d.  If  FLAG=RanJ  COFY=A,  return  (to  the  calling  routine)  with  an 

indication  that  iv  is  impossible  to  mark  the  array  of  MxN  square?; 

as  specified.  If  FLAG=R  and  COPY=R,  goto  step  I.4.h.  Other¬ 
wise,  FLAG=G  here,  proceed  to  the  next  step. 

1.4. e.  If  there  exists  any  pair  of  narked  neighboring  squares  where  their 

common  boundary  is  without  ar./  indication,  go  to  step  I.4.g. 

Otherwise,  proceed  the  next  steo. 
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1 . 4 .  f .  If  by  heuristic  observation  over  the  pattern  of  marked  squares 

developed  so  far,  one  can  (correctly)  obtain  the  marked  array 
of  MxN  squares  satisfying  all  the  constraints  on  it,  return  to 
the  calling  routine  with  the  result.  Otherwise,  go  to  step  I.4.b. 

1.4. g.  Let  RECORD  be  a  copy  of  the  array  of  marked  squares  with  the 

indications  on  common  boundaries  of  neighboring  squares 
developed  so  far.  Among  those  squares  marked  with  multiple 
ClO-statuses,  select  the  one  containing  q^ ,  provided  there  exists 
one,  otherwise  drop  this  criterion  for  selection  ,also  with  the 
smallest  distance,  break  a  tie  by  selecting  the  one  closest  to  a 
square  marked  with  single  ClO-status  during  the  temporary 
marking.  Make  a  choice  among  the  marked  ClO-scatuses  on  that 
chosen  square  by  choosing  q.  if  possible,  otherwise  choose  some 
other  one.  Set  COPY-R.  Let  RUNNING-COPY  be  a  copy  of 
RECORD  with  the  exception  that  the  chosen  square  is  marked  with 
the  chosen  ClO-status  instead  of  all  ClO-statuses .  Record  the 
choices  on  RECORD.  Use  RUNNING-COPY  as  the  marking  on  the 
arrray  of  squares  developed  so  far,  go  to  step  I.4.c. 

1.4. h.  Prom  RECORD,  construct  a  current  RUNNING-COPY  which  is  the 

same  as  RECORD  except  the  chosen  square  is  marked  with  an 
alternate  CIC-status.  Record  this  alternate  choice  on  RECORD. 

If  this  is  a  last  alternate  ClO-status  on  the  chosen  square,  set 
COPY=A,  otherwise,  COPY=R  stands.  Use  the  current  RUNNING- 
COPY  as  the  marking  on  the  array  of  squares  developed  so  far, 
go  to  step  1. 4 .  c. 

PI.  Execute  the  Procedure  P  with  M=N=2.  If  the  result  is  an  indication 
that  it  is  impossible  to  mark  the  array  of  2x2  squares  as  specified, 
proceed  to  the  next  step.  Otherwise,  go  to  step  P3. 

P2.  Return  (to  the  calling  routine)  with  an  indication  that  there  exists 
no  prime  tessellation  with  respect  to  the  given  q  . 
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P3.  Execute  the  procedure  with  some  larger  integer  for  M  and  N,  say 
M=N=6.  In  doing  so,  the  result  obtained  so  far  can,  of  course,  be 
utilized.  If  the  result  is  an  indication  that  it  is  impossible  to  mark 
the  array  of  MxN  squares  as  specified,  go  to  step  P2.  Else  if  by 
heuristic  observation  over  the  pattern  of  the  result  so  far,  one  can 
(correctly)  obtain  a  prime  tessellation  with  respect  to  the  given  CIO- 
status,  return  to  the  calling  routine  with  the  completed  result, 
otherwise,  proceed  to  the  next  step. 

P4.  Execute  the  Procedure  P^  with  some  larger  integer  for  M  and  N,  say 

M=N=12.  The  handling  of  the  result  is  same  as  that  stated  in  step  P3. 

P5 . 


Example  1:  Consider  an  MxN  array  with  a  specification  of  the  cell  as 
F*(x,z)  =  x  +  zandF^(x,2)  =  x  +  z.  Let  =  (0,0, 1,1),  q 2  -  (0,1, 1,1), 
q  =  (1,0, 1,0),  and  q  =  (1,1, 0,1).  All  nontrivial  nonnegati  e  integer 

O  *i 

solutions  to  m  ,•  0  +  m  •  0  +  m.  •  1  +  m  .  ♦  1  t  m.  •  1  +  m_  •  1  +  ■  _  •  1  +  m .  •  0 
1234123  4 

and  m^  •  0  +  m2  •  1  +  m^  •  0  +  m^  •  1  =  m^  •  1  +  m2  •  1  +  m^  •  0  +  m^  •  1  for 

m^m^rn^  ,  and  m^  render  =  0.  This  reveals  the  need  to  find  a  prime 

tessellation  with  respect  to  q^  as  far  as  enabling  all  cells  in  the  array  to 

experience  the  CIC-status  q^  is  concerned.  Some  intermediate  steps  in 

following  the  Procedure  Pp  for  determining  a  prime  tessellation  with  respect 

to  q^  are  as  follows. 
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By  heuristic  observation  over  the  pattern  of  marked  squares  as  shown  in 
step  f,  one  can  obtain  a  prime  tessellation  with  respect  to  q^  as  follows 
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This  prime  tessellation  with  respect  to  the  ClO-status  implies  that 
M  +  N-l  steps  are  required  to  enable  all  cells  in  the  array  to  experience 
the  ClO-status  q^.  To  see  this  point,  one  can  observe  a  specific  case, 
say  for  M  =  4  and  N  =  5,  where  4+5-1  =  8  ClO-statuses-compatible 
mappings  on  the  4x5  array  can  be  obtained  from  the  prime  tessellation  with 
respect  to  as  follows. 
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With  the  application  of  00000  to  the  vertical  boundary  inputs,  in  the  order 
from  left  to  right,  and  0101  to  the  horizontal  boundary  inputs,  in  the  order 
from  top  to  bottom,  of  the  4x5  array,  all  cells  on  the  dotted  line  in  Ml 
have  the  input  combination  corresponding  to  applied.  Similarly,  with 
the  application  of  11000  to  the  vertical  boundary  inputs  and  0101  to  the 
horizontal  boundary  inputs  of  the  4x5  array,  all  cells  on  the  dotted  line  in 
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M6  have  the  input  combination  corresponding  to  applied.  These  8  CIO- 
statuses-compatible  mappings  on  the  4x5  array  imply  that  8  s'„eps  are 
required  to  enable  all  cells  in  the  4x5  array  to  experience  the  ClO-status  q^. 
A  nontrivial  nonnegative  integer  solution  to  nij  •  0  +  •  0  +  m  •  1  +  •  1 

=  nij  •  1  +  •  1  +  m^  •  0  +  m^  •  0  and  m^  •  0  +  •  1  +  m^  •  0  m^  •  1  = 

m^  •  1  +  m2  •  1  +  •  0  +  m^  •  1  for  m^ ,  is 

mi  =  m2  =  1 '  m3  =  1 '  ancJ  m4  =  **  Let  ^2'^3'^4^'  Notice 
that  =  (q^)  and  F2  =  (c^.q^)  are  both  in  full-balance,  furthermore,  q^ 

alone  is  a  rectangular- tessera  and  (^q^)  is  a  rectangular-tessera  of 

order  1x2.  Thus,  it  follows  from  Theorem  4  and  Theorem  5  that  one  step  is 

required  to  enable  all  cells  in  the  array  to  experience  the  ClO-status  q^ 

independent  of  the  size  of  the  array  and  two  steps  are  required  to  enable 

all  cells  in  the  array  to  experience  the  ClO-statuses  and  q^  independent 

of  the  size  of  the  array.  Therefore,  l+2+(M+N-l)  steps  are  required  to 

4  4 

enable  all  cells  in  the  MxN  array  to  experience  all  ClO-statuses  qj»q2< 
q3<  and  q^. 

The  results  of  this  subsection  are  summarized  in  Table  1.  Of  all 
2^  22 

the  possible  2  x2  =  256  cases,  when  a  prime  tessellation  with  respect 

to  some  ClO-status  is  required,  most  cases  require  at  mcst  reaching  step 

P3  in  Procedure  P  .  There  are  96  cases  corresponding  to  those  entries  in 
P 

Table  1  with  *’s  where  in  each  of  these  cases  at  least  one  input  combina¬ 
tion  is  not  applicable  to  the  lower-right  cell  of  a  2x2  array  and  thus  not 
applicable  to  the  typical  cell  in  any  MxN  array,  where  M  >  2  and  N  >  2. 

An  exhaustive  search  on  the  result  on  Table  1  reveals  one  fact  about 
the  class  of  arrays  with  each  cell  having  a  binary  horizontal  input  and  a 
binary  vertical  input  related  to  the  minimum  number  of  array  tests  which  is 
the  numberof  tests  required  for  testing  a  single  cell,  i.e. ,  four  in  this 
class  of  arrays.  This  is  stated  in  Theorem  12. 


3C 


*♦* 


Synbolsi  (n)icnly  nonprim*  tassellatlon*  raqulrad 

(nip) i non prim*  and  prlma  taasallatlons  raquirad 

a, at  least  on*  ClO-atatua  can  not  ba  sxperlencad  by  a  typical  call  In  tha  array 

Tabla  1*  Tha  number  of  atapa  required  to  apply  all  call  Input  combinations  to  all  calls  In  an 

array  of  sis*  KxH  In  th*  class  of  arrays  with  each  call  having  a  binary  horiront: • 
Input,  a  binary  rartlcal  Input,  a  binary  horisontal  output,  and  a  binary  vertical 
output. 
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Theorem  12:  Given  a  2-dimensional  array  of  arbitrary  size  with  each  cell 
having  a  binary  horizontal  input,  a  binary  vertical  input  and  a  set  of  CIO- 
statuses  f , Qg ' ^3 » ^4 "*  describing  the  cell  in  the  array,  the  number  of 
steps  required  to  apply  all  possible  input  combinations  to  all  cells  in  the 
array  is  equal  to  the  minimum  number  of  array  tests,  which  is  four,  if  and 
only  if  (cjj , q2 , q3 , q^)  is  in  1  all-balance . 

c.  Tessellations  for  Arrays  of  Cells  with  Multiple  Horizontal  Input 
Terminals  and  Multiple  Vertical  Input  Terminals 

For  the  general  class  of  arrays  of  cells  each  with  multiple  hori¬ 
zontal  input  terminals  and  multiple  vertical  input  terminals,  when  a  prime 
tessellation  with  respect  to  a  given  ClO-status  in  a  set  of  ClO-statuses 
specifying  a  cell  is  to  be  found,  the  Procedure  P^  in  the  preceding  sub¬ 
section  can  be  extended  to  adapt  to  the  general  class  of  arrays  here.  One 
thing  one  must  be  aware  of  is  that  the  condition  that  n- tuple  of  ClO-statuses 
C  is  in  full-balance  is,  in  general,  not  sufficient  for  the  existence  of  a 
rectangular-tessera  or  rectangular- tesserae  covering  all  distinct  CIO- 
statuses  in  the  n-tuple  C. 

2 .  Existence  of  a  Sensitized  Path 

Let  the  cell  in  a  two-dimensional  array  be  described  in  terms  of 
two  mappings  F.:XxZ-»  X  and  F  :XxZ-*Z  ,  then,  one  has  the  following  theorem 

X  2 

regarding  the  existence  of  a  sensitized  path. 

Theorem  13:  If  the  logic  of  the  cell  in  a  two-dimensional  array  is  chosen 
such  that 

(1)  the  mapping  F:XxZ-»£xZ,  defined  by  F(x,z)  =  (F^(x,  z)  ,F^Cx,  z))  for 
VxeXandVzeZ,  is  one-to-one  (and/or  onto) , 

(2)  F.:XxZ-*  X  is  as  such  that  any  change  in  x  while  z  is  constant  or 

any  change  in  z  while  x  is  constant  induces  some  change  in  £  and 

F  -XxZ-*  2  is  any  (well-defined)  mapping, 
z 

(3)  F  -XxZ-*Z  is  as  such  that  any  change  in  x  while  z  is  constant  or  any 

Z 

change  in  z  while  x  is  constant  induces  some  change  in  z  and 

A 

F„:XxZ-»  X  is  any  (well  defined)  mapping,  or 
x 
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(4)  F  :XxZ-»  X  is  as  such  that  any  change  in  x  while  z  is  constant 

induces  some  change  in  x  and  F*:XxZ->Z  is  as  such  that  any  change 
in  z  while  x  is  constant  induces  some  change  in  t, 
then,  for  all  possible  input  combinations  to  a  cell  and  each  possible 
cell  output  change  due  to  a  fault,  there  exists  at  least  one  sensitized 
path  from  that  cell  to  one  of  the  boundary  outputs. 

Proof:  Part  (1) 

Suppose  a  cell  on  the  diagonal  line  D.  is  faulty  as  indicated 
in  Figure  2.  Then,  at  least  one  of  the  outputs  of  the  cell  is  perturbed 


Symbols: 


o= 


node  (cell) 

sink  (boundary  output  terminal) 


Figure  2.  Graph  for  the  Proof  of  Part  (l)of  Theorem  13. 
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from  its  nominal  value.  This  causes  the  input  change  to  at  least  one  of 
two  cells  and  on  the  diagonal  line  D,+^  receiving  an  input  fi'om  the 
cell  Cj.  Thus,  at  least  one  of  the  outputs  of  cells  and  is  perturbed 
from  its  nominal  value.  Eventually,  the  output  change  of  cell  is 
propagated  through  diagonal  lines  Dj+i'D<+2'  etc#  unti*  one  or  more  °* 
boundary  output  terminals  is  reached. 

Part  (2) 

An  equivalent  statement  for  that  F^:XxZ-*  X  is  as  such  that  any 
change  in  x  while  z  is  constant  or  any  change  in  z  while  x  is  constant 

induces  some  change  in  it  is  that  F*:XxZ->  X  is  a  mapping  where  |X|^  |zl , 

'  1  Z  X  *1  X 

(X=Xof  course),  F .  |  is  one-to-one  for  VzeZ,  and  F«  |  is  one-to-one 
it}  z  xj  x 

VxeX.  Now,  suppose  there  is  a  51-output  change  due  to  a  fault  in  a  cell 

C^.  This  change  in  x  of  the  cell  C^,  or  equivalently,  the  change  in  x  for 

the  cell  Cg  immediately  to  the  right  of  the  cell  Cf,  causes  at  least  the 

change  in  x  of  the  cell  C^.  Thus,  the  51-output  change  due  to  a  fault  is 

at  least  propagated  along  a  row  until  the  boundary  output  terminal  is 

reached.  Suppose  the  fault  in  cell  C{  causes  the  change  in  z-output  of 

cell  C^.  This  change  in  2  of  the  cell  C^,  or  equivalently,  the  change  in 

z  for  the  cell  C,  immediately  below  the  cell  Cr,  causes  at  least  the 
h  i 

change  in  x  of  the  cell  C.  .  And,  this  change  in  51  of  the  cell  C,  is  then 

h  n 

at  least  propagated  along  a  row  until  the  boundary  output  terminal  Is 
reached.  Of  course,  the  fault  in  cell  Cf  causing  changes  of  both  51-output 
and  2-output  will  be  detected  at  least  at  the  boundary  output  terminal  in 
the  same  row  as  cell  C^. 

Pa^t  (3) 

This  is  symmetrical  to  Part  (2). 
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Part  (4) 

Here,  F.:XxZ-*X  is  a  mapping  where  F\1  Z  is  one-to-one  for 

T  X  X  ^  z 

VzeZ  and  F.:XxZ-*Z  is  a  mapping  where  F4  is  one-to-one  for  VxeX. 
z  z  J  X 

Any  ^-output  change  due  to  a  fault  in  a  cell  C^,  or  equivalently,  a  change 

in  x  for  the  cell  C  immediately  to  the  right  of  the  cell  Cf,  causes  the 
9  '  1 

change  in  it  of  the  cell  C  .  This  S-output  change  due  to  a  fault  is  propa¬ 
gated  along  a  row  until  the  boundary  output  terminal  is  reached.  Any 
z-output  change  due  to  a  fault  in  a  cell  C^,  or  equivalently,  a  change  in 

z  for  the  cell  C  immediately  below  the  cell  C  ,  causes  the  change  in 
h  * 

z  of  the  cell  C.  .  This  z  output  change  due  to  a  fault  is  propagated  along 
h 

a  column  until  the  boundary  output  terminal  is  reached.  Certainly,  the  fault 
in  cell  Cj  causing  changes  of  both  x-output  and  z-output  will  be  detected 
at  the  boundary  output  terminal  in  the  same  row  as  cell  as  well  as  at 
that  in  the  same  column  as  cell  Cf. 

Recall  that  the  presence  of  a  single  faulty  cell  in  an  array  can  be 
detected  if  and  only  if  both  the  Covering  Condition  and  the  Sensitized  Path 
Condition  are  satisfied. 

D.  Remarks 


If  the  realization  (at  gate  level)  of  the  cell  in  an  array  is  known 
or  the  erroneous  effects  on  the  cell  input-output  behavior  due  to  all  possible 
faults  are  known,  then,  a  set  of  essential  input  combinations  for  testing  a 
cell  completely  is  obtainable  [l],  [8]  ,[13],  [16]  ,[18] ,  which  is  some  subset 
of  a  set  of  all  cell  input  combinations.  Chances  are  the  set  of  essential 
input  combinations  for  testing  a  cell  completely  is  a  proper  subset  of  the 
set  of  all  cell  input  combinations.  During  the  process  of  finding  a  non¬ 
empty  set  of  tessellations  to  cover  all  ClO-statuses  in  a  given  CIO-table 
in  a  manner  described  in  this  chapter,  one  can  find  out,  for  each  ClO-status 
q  in  the  given  CIO-table,  whether  or  not  q  can  appear  in  some  tessella¬ 
tion  (be  it  nonprime  or  prime).  As  long  as  each  of  the  essential  input 


combinations  is  applicable  to  every  cell  in  the  array,  or  each  of  the 
corresponding  ClO-statuses  appears  in  some  tessellation,  the  Covering 
Condition  is  satisfied  for  the  given  array  even  though  there  exists  some 
input  combination  which  is  not  applicable  to  some  cell  in  the  array. 

On  the  other  hand,  there  is  a  possibility  that  the  Covering  Condi¬ 
tion  is  not  satisfied  when  considering  only  the  set  of  essential  CIO- 
statuses  corresponding  to  the  essential  input  combinations  but  the  Covering 
Condition  would  be  satisfied  if  the  set  of  all  ClO-statuses  in  the  CIO-table 
or  some  alternative  realization  of  the  cell  were  considered. 


Chapter  III 


FAULT  DETECTION  AND  LOCATION  IN  FIRST  CATEGORY 
SEQUENTIAL  CELLULAR  ARRAYS 

A.  Introduction 

A  first  category  sequential  array  is  a  sequential  array  of  cells  each 
having  some  memory  element  as  well  as  some  logic  circuit,  where  the 
state  of  each  memory  element  in  each  cell  can  be  set  or  reset  through  the 
external  control.  The  permutation  array  and  the  accumulator  array  in 
Kautz  [12]  and  tl  e  class  of  outpoint  cellular  logic  arrays  in  Minnick  [14], 
where  a  cutpoint  being  "open"  or  "closed"  can  be  though  of  the  state  of 
a  memory  element  being  "0"  or  "  1"  ,  are  examples  of  the  first  category 
sequential  arrays.  Under  the  assumption  that  all  input-state  combinations 
are  necessary  to  test  a  cell  completely,  the  two  necessary  conditions  that 
must  be  satisfied  for  array  testing  for  the  detection  of  the  presence  of  a 
faulty  cell  in  a  first  category  sequential  array  are  same  as  the  Covering 
Condition  and  the  Sensitized  Path  Condition  in  Chapter  II  except  that 
"input  combination"  is  replaced  by  "input-state  combination"  .  They  are: 

Condition  A:  Every  input-state  combination  must  be  applicable  to 
every  cell  in  the  array. 

Condition  B:  For  each  input-state  combination  to  a  cell  and  each 
possible  cell  output  change  due  to  a  fault,  there  must  exist  at 
least  ont  sensitized  path  from  that  cell  to  one  of  boundary  outputs. 

Again,  these  two  necessary  conditions  together  are  sufficient  for  the  de¬ 
tection  of  the  presence  of  single  faulty  cell  in  a  first  category  sequential 
array.  The  results  with  regard  to  the  fault  detection  of  combinational 
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arrays  can  be  easily  extended  to  the  case  here.  In  this  chapter,  an  array 
shall  be  understood  to  be  a  first  category  sequential  cellular  array. 

For  a  cell  in  an  array,  the  finite  horizontal  input  set,  the  finite 
vertical  input  set,  the  finite  nonempty  state  set,  the  finite  horizontal 
output  set,  and  the  finite  vertical  output  set  are  denoted  by  X,  Z,  S, 

A  A 

X,  and  Z,  respectively,  x,  z,  s,  x,  and  z  are  arbitrary  elements  of  X, 

A  A 

Z,  S,  X,  andZ,  respectively. 

B.  One-Dimensional  Arrays 


Let  the  cell  be  described  in  terms  of  a  mapping  F:SxS-X,  then  one 
has  the  following. 

Theorem  14:  A  one-dimensional  autonomous  array  is  testable  if  and  only 

1 S 

if  there  exists  some  srS  such  that  the  reduced  mapping  F  :X-X  is  one-to- 

.  s 

one  (and/or  onto);  moreover,  the  number  of  tests  required  to  test  the  array 
is  in  the  range  from  lx|  •  |S  |  to  ( X I  •  (n*  is  |-n+l)  where  1  is  the  number  of 
cells  in  the  array. 

Theorem  15:  Any  single  faulty  cell  in  a  one-dimensional  autonomous  array 
can  be  located  with  an  uncertainty  of  1  if  and  only  if  there  exists  some 

—,5  ^ 

seS  such  that  (l)  the  reduced  mappin  ^  1  :X"X  is  one-to-one  and  (2)  the 

J  s 

response  at  the  boundary  output  with  respect  to  the  |xj  test  steps,  where 
all  cells  are  set  to  the  state  s  and  each  of  |x|  possible  cell  input  combina¬ 
tions  is  applied  to  the  first  oell  step  by  step,  Is  nominal. 


Let  the  cell  be  described  in  terms  of  two  mappings  F*:SxX-*X  and 

X 

A 

F.>:SxX-Z,  then  one  has  the  following, 
z 
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Theorem  16:  A  one-dimensional  array  with  Z=0,  Z^0,  and  X=Xyf0  is  testable 
if  and  y  if  there  exists  some  scS  such  that  the  reduced  mapping 

g  A  A 

Fa  :X-X  is  one-to-one  (while  Fa:SxS-*Z  is  any  well-defined  mapping); 

X  J  S  2 

moreover,  the  number  of  tests  required  to  test  the  array  is  in  the  range 
from  | X { •  | S |  to  |x|  *(n*  |s|-n+l)  where  n  is  the  number  of  cells  in  the 
array. 

Theorem  17;  Any  single  faulty  cell  in  a  one-dimensional  array  with  the 
typical  cell  having  no  external  cell  input  can  be  located  with  an  uncertainty 
of  1  if  and  only  if  there  exists  some  seS  such  that  (1)  the  reduced  mapping 

1  3  A 

Fa  I  :X-X  is  one-to-one  and  (2)  the  response  at  the  x-output  of  the  last 
x  J  s 

cell  with  respect  to  the  |x|  test  steps  ,  where  all  cells  are  set  to  the  state 
s  and  each  of  |x|  possible  cell  input  combinations  is  applied  to  the  first 
cell  step  by  step,  is  nominal;  however,  any  single  faulty  cell  in  the  array 
can  be  located  with  an  uncertainty  of  2  if  there  exists  some  s  rS  such  that 

~l  s  ^  s 

Fa  i1-  is  one-to-one  and  there  exists  some  s„eS  such  that  Fa  i  is  one- 
xJs  a  2  zJs„ 

to-one  provided  | Z|^ | X|  . 


3 .  Arrays  With  X~X^0,  Z?0  ,  and  Z~0 

A  A 

Theorem  18:  Given  a  one-dimensional  array  with  X=X^0  ,  Z^0  ,  Z=0  ,  and 

the  cell  is  described  in  terms  of  a  mapping  F:SxXxZ-X,  then  it  is  testable 

if  and  only  if  there  exist  some  seS  and  zeZ  such  that  the  reduced  mapping 

F  i  i  ;X-*X  is  one-to-one;  moreover,  the  number  of  tests  required  to  test 
J  s  J  z 

the  array  is  in  the  range  from  |xj  •  |  Z|  •  !s|  to  |x|  •  (n*  |S  |  •  |z]  -n+l)  where 
n  is  the  number  of  cells  in  the  array. 

A  A 

Theorem  19:  Given  a  one-dimensional  array  with  X=Xr^0 ,  Z^0 ,  Z=0  and 

the  cell  is  described  in  terms  of  a  mapping  F:SxXxZ-*X,  then  any  single 

faulty  cell  can  be  located  with  an  uncertainty  of  1  if  and  on'y  if  there 

exist  some  s  cS  and  zeZ  such  that  (l)  F  :X-X  is  ono-.o-one  and 

1  1  JSiJzi 

(2)  the  response  at  the  boundary  output  with  respect  to  the  |x|  test  steps. 
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where  all  cells  are  set  to  the  state  s^ ,  the  z-input  to  every  cell  is  z^ , 
and  each  of  |x|  possible  x-input  combinations  is  applied  to  the  first  cell 
step  by  step,  is  nominal. 

4.  Arrays  With  X=X^0  ,  2^0  ,  and  2^0 


Theorem  20:  Given  a  one-dimensional  array  with  X=X^0,  Z^0,  Z/0 ,  and  the 

cell  is  described  in  terms  of  two  mappings  F*:SxXxZ-*X  and  F„:SxXxZ-*Z,  then 

x  z 

it  is  testable  if  and  only  if  either  (1)  there  exist  some  s  fS  and  z  fZ  such 

lS  1Z  ^ 

that  the  reduced  mapping  F*  i  :X-X  is  one-to-one  or  (2)  for  any  xeX, 

there  exist  some  xeX,  s^eS,  and  z*fZ  such  that  F»  (s2  ,x,z^)=x  and  there 
exist  some  s  (S  and  z  fZ,  where  s  is  not  necessarily  distinct  from  s 

J  J  J  Cj 

and  z^  is  not  necessarily  distinct  from  z^,  such  that  the  reduced  mapping 
F*l^  1Z  :X-Z  is  one-to-one  provided  |z|^|x|. 

Theorem  21:  Given  a  one-dimensional  array  with  X=X/0 ,  Z^0 ,  Z/0 ,  and  the 

A  A 

cell  is  described  in  terms  of  two  mappings  F^SxXxZ-X  and  F.:SxXxZ-Z  ,  then 

X  2 

any  single  faulty  cell  can  be  located  with  an  uncertainty  of  2  if  for  any 

xcX,  there  exist  some  s  eS,  xeX,  and  z  (Z  such  that  F„(s  ,x,z  )=x, 

1  1  XII 

|z|i|x|  ,  and  there  exist  some  s^eS  and  z^eZ,  where  is  not  necessarily 

distinct  from  s  and  z  is  not  necessarily  distinct  from  z  ,  such  that  the 

njTlZ  1 

reduced  mapping  F,  I  iX-Z  is  one-to-one;  however,  any  single  faulty 

cell  can  be  located  with  an  uncertainty  of  1  if  and  only  if  there  exist  some 

s  (S  and  z  (Z  such  that  the  reduced  mapping  F*-!^  iZ  :X-X  is  one-to-one 

and  the  response  to  the  jx|  test  steps,  where  all  cells  are  set  to  the  state 

s.. ,  the  z-input  to  every  cell  is  z.,  and  each  of  |x|  possible  x-input 

combinations  is  applied  to  the  first  cell  step  by  step,  is  nominal. 


C.  Two-Dimensional  Arrays 

One  way  to  specify  the  cell  in  an  array  is  by  the  cell-input-state- 
output-table  ,  abbreviated  as  CISO-table,  listing  all  possible  cell 
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input-state  combinations  and  the  corresponding  cell  outputs.  A  CISO- 
status  is  a  triplet  (i,s  ,o)  where  i,  s  ,  and  o  are  the  cell  input,  state,  and 
the  corresponding  output,  respectively. 

1 .  Covering  Each  Cell  in  an  Array  With  Every  Possible  Input-State 
Combination 

Let  S,  be  a  set  of  all  CISO-statuses  in  the  CISO-table  T 

X  OlovJ 

describing  the  cell  in  an  array.  Let  be  a  CIO-table  carrying  in¬ 

complete  information  about  the  table  T  in  that  the  state  information  in 

O  loL/ 

the  table  T^g^  are  discarded  in  the  table  T^.^.  Let  be  a  set  of  all 
(distinct)  ClO-statuses  in  the  table  T  .  Clearly,  one  has  the  following. 

Theorem  22:  The  Condition  A  is  satisfied  if  there  exists  a  nonempty  set 

of  tessellations  such  that  each  ClO-status  in  the  set  S,  occurs  on  C.. 
t  1  ij 

in  at  least  one  tessellation  in  the  set  for  VieS^  and  VjeSj. 

Notice  that  the  existence  of  a  nonempty  set  of  tessellations  such 

that  each  CIO-s.tatus  in  the  set  S,  occurs  on  C..  in  some  tessellation  in  the 

1  ii 

set  for  VieSj  and  VjrS^  is  also  necessary  for  satisfying  the  Condition  A 
for  the  doubly- infinite  array,  one  can  conceive  that  this  property  is  also 
necessary  for  satisfying  the  Condition  A  for  very  large  (in  both  dimensions) 
finite  arrays . 


The  procedures  in  obtaining  tessellations  in  section  II.C.l.  are 
applicable  to  the  situation  here  except  that  in  calculating  the  number  of 
steps  required  for  applying  all  possible  input-state  combinations  to  all 
cells  in  the  array,  one  needs  to  refer  back  to  the  table  T^^^  since  a 
ClO-status  in  the  table  T  might  represent  two  or  more  distinct  CISO- 

v_>  IU 

statuses  in  the  set  S^. 
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2 .  Existence  of  a  Sensitised  Path  —  A  Sufficiency  for  Satisfying  the 
Condition  B 


Let  the  cell  in  a  two-dimensional  array  be  described  in  terms  of  two 

A  A 

mapping  F»:SxXxZ-X  and  F*:SxXxZ-Z,  then  one  has  the  following  theorem  re- 
X  z 

garding  the  existence  of  a  sensitized  path. 


Theorem  23:  If  the  cell  in  a  two-dimensional  array  is  chosen  such  that 

1  S  AO 

(l)  there  exists  some  s,eS  such  that  the  reduced  mapping  F  i  :XxZ-XxZ, 

1  J  s  ^ 

where  F:SxXxZ-*XxZ  is  defined  by  F(s  ,x,z)=(F^(s  ,x,z) ,  F„(s  ,x,z))  for 

X  z 

VseS,  VxeX,  andVzfZ,  is  one-to-one, 


->  c<- ■  z 

(2)  there  exists  some  seS  such  that  the  reduced  mapping  F.  f  i  :X-X  is 

...  g x  .XjSJz 

one-to-one  for  VzfZ,  the  reduced  mapping  F*  i  |  :Z-X  is  one-to-one 

X J  S  -j  X 

for  VxeX  provided  !x|^|z|  ,  and  F.tSxXxZ-Z  is  any  (well-defined) 
mapping, 


'S^X 

(3)  there  exists  some  seS  such  that  the  reduced  mapping  F„  i  ,  :Z-*Z  is 

^siz  -zj s Jx 

one-to-one  for  VxeX,  the  reduced  mapping  F„  j  i  :X-Z  is  one-to-one 

Z  J  S  J  z 

for  VzeZ  provided  j Z J  2?  | X |  ,  and  F^iSxXxZ-X  is  any  (well-defined) 
mapping ,  or 


(4) 


there  exists  some  SfS  such  that  the  reduced  mapping  F*  1  i  :X-X 

"1 S  n  x  S  a 

is  one-to-one  for  VzeZ  and  the  reduced  mapping  J  s_|x:2-’^  *s  one“ 
to-one  for  VxeX, 


then,  the  Condition  B  is  satisfied. 

Proof:  Part  (1) 

By  setting  all  cells  in  an  array  satisfying  (1)  to  the  state  s^,  the 
logic  of  all  cells  behaves  in  a  manner  described  in  (l)  of  Theorem  13. 
The  proof  here,  then,  follows  that  for  Part  (l)  of  Theorem  13. 
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Similarly,  Part  (2)  ,  Part  (3)  ,  and  Part  (4)  here  follow  the  implica¬ 
tion  of  the  proofs  for  Part  (2) ,  Part  (3) ,  and  Part  (4)  of  Theorem  13, 
respectively.  M 

Theorem  24;  Let  the  cell  in  an  array  be  described  in  terms  of  two  mappings 

A  A 

F„:SxXxZ-,X  and  F^SxXxZ-*Z.  If  the  cell  in  an  array  is  chosen  such  that  there 
x  z 

exists  some  s^eS  such  that 

1  S  ^  A  A  A 

(1)  the  reduced  mapping  Fjg  :XxZ-XxZ  is  one-to-one,  where  F:SxXxZ-XxZ 

is  defined  by  F(s  ,x  ,z)=(fI(s  ,x  ,  z)  ,  F«  (s  ,  x  ,z))  for  VseS,  VxeX,  and 

X  z 

VzcZ ,  or 

-i  s  ~i  z 

(2)  the  reduced  mapping  F*  :  j  :X-X  is  one-to-one  for  VzeZ  and  the 

reduced  mapping  F„  I  is  one-to-one  for  VxeX, 

zJsj Jx 

then,  the  array  is  testable;  moreover,  the  minimum  number  of  tests  required 
to  test  all  possible  input-state  combinations  on  all  cells  in  the  array  is 

|xMz|.|s|. 

Proof:  Suppose  the  cell  in  an  array  is  chosen  such  that  the  hypothesis  is 
satisfied.  Then,  that  the  Condition  B  is  satisfied  follows  Part  (l)  or  Part 
(4)  of  Theorem  23.  That  the  Condition  A  is  satisfied  follows  the  implica¬ 
tion  of  Theorem  7  or  Theorem  8  in  Chapter  II.  Thus  ,  the  array  is  testable 
meaning  that  the  presence  of  a  single  faulty  cell  in  the  array  can  be 
detected. 

Suppose  the  cell  in  an  array  is  chosen  such  that  (a)  the  reduced 
1 S  '  » 

mapping  F  j  :XxZ-XxZ  is  one-to-one  for  VseS  or  (b)  the  reduced  mapping 

1  g  1 2  * 

F«^^:X-X  is  one-to-one  for  VseS,  VzeZ  and  the  reduced  mapping 
F«  i  :Z-Z  is  one-to-one  for  VseS,  VxeX,  then,  the  number  of  tests  re- 
quired  to  test  all  possible  input-state  combinations  on  all  cells  in  the 
array  is  |x|  •  |z|  •  |S  |  which  is  the  minimum  number  of  tests  in  the  array 
testing.  JP 
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Theorem  25:  Let  the  cell  in  an  array  be  described  in  terms  of  two  mappings 


A  a 

F^SxXxZ-X  and  F*:SxXxZ-*Z.  If  the  cell  in  an  array  is  chosen  such  that 
x  z 

there  exists  some  s^rS  such  that 

:XxZ-XxZ  is  one-to-one,  where  F:SxXxZ-*Xx2 

is  defined  by  F(s,x,z)={F1,(s,x,z)<F.(slx,z))  for  VseS,  VxeX,  and 

x  z 

VzeZ,  or 


(1)  the  reduced  mapping  F 


(2)  the  reduced  mapping 


IS  1Z 


reduced  mapping  F*J 


1S 


:X-*X  is  one-to-one  for  VzeZ  and  the 


s^  Jx 


xfe  -Z  is  one-to-one  for  VxcX 


and  the  response  to  the  ]x|  •  |z|  tests,  where  every  cell  in  the  array  is 
set  to  the  state  s ^ ,  enabling  the  checking  for  all  those  CISO-statuses 
each  having  s^  as  its  state-component  in  the  set  on  all  cells  in  the 
array,  is  nominal,  then,  any  faulty  cell  in  the  array  can  bo  located  with 
an  uncertainty  of  1 . 


In  fact,  for  any  array  satisfying  the  hypothesis  in  Theorem  25,  all 
possible  faults  in  any  cell  in  the  array  are  effectively  those  faults  each 
introducing  some  erroneous  cell  output  while  the  cell  is  in  some  state 
other  than  the  stat<  s^ ,  hence,  each  of  multiple  faulty  cells  in  the  array 
can  be  located  with  an  uncertainty  of  1. 


44 


Chapter  IV 


FAULT  DETECTION  AND  LOCATION  IN  SECOND  CATEGORY 
SEQUENTIAL  CELLULAR  ARRAYS 

A.  Introduction 

A  second  category  sequential  array  is  a  sequential  array  of  cells 
each  having  some  memory  element  as  well  as  some  logic  circuit  where  the 
state  of  each  memory  element  in  each  cell  is  controlled  by  some  logic 
within  the  cell  and  each  cell  behaves  as  a  deterministic,  strongly- 
connected,  completely-specified,  finite-state,  and  synchronous  sequen¬ 
tial  machine.  In  this  chapter,  an  array  shall  be  understood  to  be  a  second 
category  sequential  cellular  array. 

Again,  for  a  cell  in  an  array,  the  finite  horizontal  input  set,  the 
finite  vertical  input  set,  the  finite  nonempty  state  set,  the  finite 
horizontal  output  set,  and  the  finite  vertical  output  set  are  denoted  by  X, 
Z,  S,  X,  andZ,  respectively,  x,  z,  s,  x,  and  z  are  arbitrary  elements  of 

A  A 

X,  Z,  S,  X,  andZ,  respectively. 

B.  A  Special  Case 

In  this  section,  the  investigation  is  on  the  detection  and  location 
of  a  faulty  cell  in  a  synchronous  sequential  array  of  cells  each  with  a 
trigger  flip-flop  as  its  memory  element  as  shown  in  Figure  3.  and 
are  timing  signals  (pulses)  enabling  the  cell  to  behave  in  the  synchronous 
manner.  The  combinational  logic  within  a  cell,  F:SxXxZ-X  where 
X=Z=S=X=f  0 , 1 } ,  can  be  specified  in  the  form  of  a  L-table  ,  which  is 
actually  a  Karnaugh  map  with  8  entries  in  two  rows  each  corresponding  to 
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Figure  3.  A  cell  in  a  synchronous  sequential  array  of  cells  each 
with  a  trigger  flip-flop  as  its  memory  element. 

a  distinct  state  of  the  memory  element  and  four  columns  each  corresponding 
to  a  distinct  cell  input  combination. 

Given  a  Boolean  function  F(x^  ,x^ , .  .  ,  ,x^, .  . .  .x^  ^) :  {0 , 1  }n-*{0 , 1 } , 

the  subcomplement  of  F(x.  ,  x„ . x.  ..... x  )  with  respect  to 

- -  1  i  k  n 


x,  ,  x. ,  ....  and  x,  ,  denoted  by  F* 
12  k  x.  ,x„ 


is  a  mapping 


I  '  Q  '  '  '  '  '  ' 

F*  (x  ,x  ,  . . .  ,x  , .  .  .pc  ):  {(J,  1  ,  1 }  defined  as  following: 

X1 '  2 '  ‘  ’ * ,Xk  1  1  K  n 

n-k 

Let  VQ  be  a  collection  of  2  vertices  where  x  =0  ,  x2=0 ,  .... 

n—  k 

x=0,V,  be  a  collection  of  2  vertices  where  x=0  ,x=0 ,...  ,x,  =0, 

k  1  ,  12  k-1 

n-k 

x^=l ,  be  a  collection  of  2  vertices  where  Xj=0  ,x2=0 ....  ,x^  =1, 

x  =0, . and  V  k  be  a  collection  of  2n  ^  vertices  where  x  =1, 

x2=l , .  . .  ,x^=l .  Let  S={VQ  ,  V  ,  V2  . . V2k  ^}.  Partition  S  into  two  blocks 

S  and  Sj,  i.e.  ,  S  US  =S  and  S  HS  =0,  according  to  the  criterion  that 
c  d  c  d  c  d 

V.eS  if  and  only  if  F(v)  are  identical  for  all  vfV. .  Then, 

1C  1 

(1)  for  all  i  such  that  V  *S  and  for  all  vfV.,  F*  (v}=F(v) , 

i  c  l  x  ,x  , .  . .  ,x, 

j  1  {*  r*. 

and 


(2)  for  all  j  such  that  V.cS  and  for  all  vcV,,  F*  (v)=F(v). 

I  d  ‘  VX2 . \ 
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Theorem  26:  The  presence  of  a  single  faulty  cell  in  a  one-dimensional 
array  (a  horizontal  linear  cascade)  of  identical  cells  of  the  type  as  shown 
in  Figure  3  can' be  detected  if  and  only  if 

(1)  for  any  state  a  cell  is  in,  there  exists  some  z^eZ  such  that  any  change 
in  x-input  induces  some  change  in  the  cell  output  (x-output) , 

(2)  the  fault  of  the  combinational  log)  -  in  the  cell  is  not  the  one,  in 
effect,  causing  the  logic  to  realize  the  subcomplement  of  F  with  re¬ 
spect  to  x  and  z,  where  F  is  the  Boolean  function  specified  for  the 
combinational  logic,  and 

(3)  F  is  not  independent  of  s. 

Proof:  Necessity 

In  order  to  provide  all  possible  horizontal  input  combinations ,  i.e.  , 
x=0  and  x=l ,  to  a  typical  cell,  both  0  and  1  must  appear  as  entries  in  the 
L- table  specifying  the  combinational  logic  in  a  cell.  It  is  impossible  to 
keep  every  cell  in  the  array  in  a  particular  state  at  all  time  during  entire 
test  schedule,  what's  more,  any  cell  output  change  due  to  a  fault  must  be 
detectable  at  the  boundary  output  {x-output  of  the  last  cell) ,  thus,  for  any 
SfS  ,  there  must  exist  some  z  eZ  such  that  F(s ,  x  .  z  )^F(s  ,  x  ,  z  )  for  any 

1  I  1  £  X 

pair  x  ,x  ,  eX  with  x  ^x  .  Therefore,  the  condition  (l)  is  necessary. 

1  c>  x 

That  the  condition  (2)  is  necessary  can  be  shown  by  contradiction. 

Suppose  that  there  are  two  separate  ceils  A  and  B  of  the  type  as  shown  in 

Figure  3  both  satisfying  the  conditions  (l)  and  (3)  but  the  logic  of  cell  A 

is  realizing  F  and  the  logic  of  cell  ri  is  realizing  F*  .  Suppose  the  in- 

X  ,  z 

put  combination  of  x=aAz=b  for  some  a  br{0,l]  is  applied  to  the  two  sepa¬ 
rate  cells  A  and  B  simultaneously,  if  the  two  entries  under  the  column 
x=aAz=b  in  the  L-table  specifying  F  are  same,  say  each  is  a  0,  then  the 
corresponding  two  entries  in  the  L-table  specifying  F*  are  same,  namely 

X  i  z 
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each  is  a  0,  thus  the  output  of  cell  A  Is  same  as  the  output  of  cell  B  in  re¬ 
sponding  to  the  input  combination  of  x=aAz=b  regardless  of  the  states  of 
these  two  cells,  if  the  two  entries  under  the  column  x=aAz=b  in  the  L- 
table  specifying  F  are  different,  say  the  entry  corresponding  to  s=0Ax=aAz=b 
is  a  1  and  the  entry  corresponding  to  s=lAx=aAz*=b  is  a  0,  then  the  corres¬ 
ponding  two  entries  in  the  L-table  specifying  F*  are  Different,  namely 

x ,  z 

the  entry  corresponding  to  s=0Ax=aAz=b  is  a  0  and  the  entry  corresponding 
to  s=lAx=aAz=b  is  a  1 ,  thus  the  output  of  cell  A  at  state  ccS={0 , 1 }  is  same 
cs  the  output  of  cell  B  at  state  c  in  responding  to  the  same  input  condi¬ 
tion;  furthermore,  if  the  next  state  of  cell  A  remains  same  as  its  present 
state,  then  the  next  state  of  cell  B  remains  same  as  its  present  state,  if 
cell  A  changes  its  state,  then  cell  B  changes  its  state.  Therefore,  the 
sequence  of  the  output  of  cell  A  initially  at  state  c  is  ;;ame  as  that  of  cell 
3  initially  at  state  c  with  response  to  the  same  input  sequence.  Hence, 
if  the  conditions  (l)  and  (3)  are  satisfied  but  the  condition  (2)  is  not  met, 
then  the  occurrence  of  the  fault  in  a  cell  of  the  array,  in  effort,  causing 

the  logic  in  the  cell  to  realize  F*  instead  of  the  specified  F,  can  not  be 

x ,  z 

detected.  This  shows  that  the  condition  (2)  is  necessary. 

That  the  condition  (3)  is  necessary  is  obvious:  if  F  is  independent 
of  the  state  of  the  cell,  then  whether  the  memory  element  is  functioning 
properly  or  not  has  no  effect  on  the  input-output  behavior  of  a  cell,  thus 
the  fault  in  the  memory  element  of  a  cell  can  not  be  detected. 

Sufficiency 

The  proof  is  by  construction,  namely,  it  is  to  be  shown  that  lx  a 
one-dimensional  array  of  identical  cells  of  the  type  as  shown  in  Figure 
3  satisfied  the  conditions  (l) ,  (2) ,  and  (3) ,  then  a  test  schedule  can  be 
derived  which  enables  the  detection  of  the  presence  of  a  faulty  cell  in 
the  array.  Three  cases  are  considered. 
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Case  1.  The  conditions  (l),  (2),  and  (3)  are  satisfied  where  there  exists 
some  ZjfZ  such  that  any  change  in  x- input  induces  some  change 
in  the  cell  output  and  the  two  entries  in  the  L- table  under  each 
of  the  two  columns  corresponding  to  z=z^  are  same,  i.e.  , 

F(0,0,z  )=F(l.0,z  ),  F(0,l,z  HFU.l.Zj).  and  F(0,0,z  )/ 
F(0,l,z  )  for  somez^eZ. 

Without  loss  of  generality,  suppose  the  two  entries  under  the 
column  x=x^Az=z ^  are  0's  for  some  x^f{0,l},  then  the  two  entries  under 
the  column  x=x^Az=z^  are  l's.  Then,  the  essential  part  of  the  test 
schedule  is  applying  z^  to  each  z-input  of  all  cells  in  the  cascade  and  the 
input  sequence  of  x^-x^-x^-x^  to  x-inPut  of  the  first  cell  in  the 
cascade.  It  is  easy  to  verify  that  if  none  of  cells  in  the  cascade  is  stuck 
at  any  state  and  the  sequence  of  the  boundary  output  in  responding  to  the 
essential  part  of  the  test  schedule  is  correct,  then  the  four  entries  in  the 
L-table  under  the  two  columns  corresponding  to  z=z  are  known  to  have 
been  checked  for  every  cell  in  the  cascade.  The  fact  that  the  boundary 
output  sequence  in  responding  to  the  essential  part  of  u.e  test  schedule  is 
correct  ensures  the  existence  of  a  sensitizing  path  by  virtue  of  applying 
Zj  to  each  z-input  of  the  second  to  the  last  cell  while  testing  the  first 
cell  and  tnus  the  subsequent  part  of  the  test  schedule  can  be  subsequently 
proceeded.  If  the  boundary  output  sequence  in  responding  to  the  essential 
part  of  the  test  schedule  is  not  correct,  then,  the  presence  of  a  faulty 
cell  is  detected  and  there  is  no  need  to  proceed  to  the  subsequent  part  of 
the  test  schedule.  The  subsequent  part  of  the  test  schedule  begins  with 
applying  z^  to  each  z-input  of  the  second  to  the  last  cell  in  the  cascade 
and  appropriate  sequence  of  input  combination  to  the  first  cell  to  complete 
the  test  on  the  first  cell  since  the  output  of  the  first  can  be  determined  by 
observing  the  boundary  output  and  tracing  backward  along  the  sensitized 
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path  to  the  output  of  the  first  cell.  The  fault,  if  any,  in  the  first  cell  can 
thus  be  detected.  Depending  upon  the  actual  specification  of  the  combina¬ 
tional  logic  within  a  cell,  it  requ^as  four  to  six  test  steps  to  check  the 
four  entries  undei  the  two  columns  corresponding  to  z=z  for  a  cell.  For 
instance,  suppose  that  the  two  entries  under  the  column  x--x  Az=I  ,  for 

Ca  1 

some  x e{0,l},  are  distinct  and  the  0-entry  corresponds  to  s=s  Ax=x0Az=* 
for  some  s^e {0,1},  furthermore,  the  two  entries  under  the  column 
x=x^\z=z^  are  both  l's.  Then,  if  the  first  cell  is  fault-free  and  is  in  state 
s  ,  then  the  output  sequence  of  the  first  cell  should  be  1-0-1-1  in  respond¬ 
ing  to  the  input  sequence  of  (x=x  Az=z  )-(x=x  Az=z  )-(x=x  Az=z  )- 

C  1  u  1  C  i 

(x=x9Az=7  ) .  If  the  first  cell  is  fault-free  and  is  ir;  state  s  ,  then  its  out- 
put  sequence  should  be  1-1— 0— 1-1  in  responding  to  the  input  sequence  of 
(x=x^Az=z^-(x=x^Az-z^)-(x=x^Az=z^)-{x=x^Az=z^)-(x=x^.\z='z^) ,  With  this 
in  mind,  then  if  the  output  of  the  first  cell  is  0  in  responding  to  the  test 
step  of  (x=x2Az=zJ  ,  then  the  first  cell  is  faulty,  otherwise,  proceed  the 
second  test  step  of  {x=x^Az=z  and  the  third  test  step  onward  should  be 
depending  upon  its  output  in  responding  to  the  second  lest  step.  Note 
that  any  fault  in  the  combinational  logic  excluded  by  the  condition  (2)  or 
any  fault  in  the  memory  element  of  the  first  cell  should  result  an  output 
sequence  at  the  first  cell  other  than  1-0- 1-1  in  responding  to  the  input 
sequence  of  (x=x.Az=z  )-(x=x  Az=z  )-(x=x  Az=z  )-(x=x  Az=z  )  and 

“  I  cl  cl  cl 

1-1-0- 1-1  in  responding  to  (x=x  Az=z  ) - (x=x  Az=z  ) - (x=x  Az =z  ) - 

cl  cl  cl 

(x=x1Az=z1)-(x=x2Az=z  ) .  After  the  first  cell  has  bee*1  checked  to  be 
fault-free,  the  test  on  the  second  cell  can  be  proceeded,  similarly,  by 
applying  z^  to  the  z-inputs  of  all  cells  but  the  second  cell  in  the  cas¬ 
cade  and  appropriate  sequence  of  x- input  to  the  first  cell  and  z-input  to 
the  second  cell.  A  similar  test  procedure  is  then  used  to  test  the  re¬ 
maining  cells  in  the  cascade  if  necessary.  Therefore,  with  a  test 
schedule  of  at  most  6n+4  test  steps,  where  n  is  the  number  oi  cells  in 
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the  cascade,  the  presence  or  absence  of  a  faulty  cell  in  the  cascade  can  be 
detected. 

Case  2.  The  conditions  (l) ,  (2),  and  (3)  are  satisfied,  the  additional  speci 
ficatlon  stated  in  Case  1  is  not  met,  and  there  exists  some  z^.rZ 
such  that  any  change  in  x-input  induces  some  change  in  the  cell 
output  and  the  two  entries  in  the  L- table  under  each  of  the  two 
columns  corresponding  to  z=z^  are  distinct,  i.e.,  F(0,0,z^)7«f 
F(l,0,z  ),  F(0,l,z  )^F(l,l,z  ),  F(0,0,z  )*F(0.1,z,),  and 
F(l,0,z  )^F(l,l,z  )  for  some  z  e(0,l}. 

Depending  on  the  actual  specification  in  terms  of  the  L- table,  the 
next  state  of  a  cell  can  be  set  to  the  state  1  or  reset  to  the  state  0  with  an 
input  combination  of  x=0Az=z^  (or  x=lAz=z^)  regardless  the  present  state  of 
the  cell.  Thus,  a  cascade  of  n  cells  under  this  case  can  bo  initialized  to 
some  state  with  some  sequence  of  n  steps  of  inputs. 

The  essential  part  of  the  test  schedule  is  applying  z^  to  each  z- 
input  of  all  n  cells  in  the  cascade  and  appropriate  sequence  of  n  steps  of 
x-input  to  the  first  cell  to  initialize  the  cascade  to  some  state  followed 
by  appropriate  sequence  of  x-input  to  the  first  cell  to  check,  for  each  of 
all  cells  in  the  cascade,  all  four  entries  in  the  L-table  corresponding  ro 
z=z^.  If  the  response  (the  sequence  of  x-output  at  the  last  cell)  to  thin 
essential  part  of  the  test  schedule  is  nominal,  i.e.  ,  unperturbed,  then  by 
virtue  of  applying  z^  to  each  z-input  of  the  sensitized  path,  while  com¬ 
pleting  the  test  on  the  first  cell,  is  assured.  To  see  this,  one  can  visual¬ 
ize  that  if  a  fault  within  a  cell  results  in  some  change  in  its  input-output 
behavior,  it  might  also  result  in  some  false  state  initialization  on  that 
cell  and  the  following  cells.  Now,  suppose  that  the  specification  for  the 
combinational  logic  within  a  cell  in  this  case  is  F  and  that  the  response 
to  some  test  sequence  for  checking  the  four  entries  corresponding  to  z-z^, 
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say  the  horizontal  input  sequence  of  I  .  ,  with  z-input  fixed  at  z  , 

nominal  1 

while  the  state  of  the  cell  is  initially  at  sn ,  is  O  ,  With  z-input 

U  nominal 

fixed  at  z^ ,  the  fault  in  the  logic  that  can  produce  the  response  of 

O  .  in  responding  to  *Ke  horizontal  input  sequence  of  I  ,  is  the 

nominal  nominal 

one,  in  effect,  causing  the  logic  to  realize  some  Boolean  function  F^  which 

is  consistent  with  F*  at  least  at  the  four  entries  corresponding  to  z=z  , 

x ,  z  1 

while  the  state  of  the  cell  is  incorrectly  initialized  at  Sq.  This  situation 

does  not  prevent  the  cell  from  correctly  responding  to  any  change  in  x- 

input  as  long  as  the  z-input  to  this  cell  is  z  .  If  the  logic  of  the  cell  is 

correct  but  its  state  is  incorrectly  initialized  ats^  due  to  a  fault  in  one  of 

the  preceeding  cells,  then,  with  z-input  fixed  at  z ^ ,  the  only  horizontal 

input  sequence  I  which  can  produce  the  response  of  O  ,  is 

_  nominal 

1=1  .  ,  where  I  .  is  obtained  by  complementing  each  step  of  the 

nominal  nominal 

^nominal*  ^ne  Can  See  t*iat  no  in  the  combinational  logic  within  the 

cell  can  produce  the  response  of  O  ,  ,  in  responding  to  the  horizontal 

nominal 

input  sequence  I  .  ,  with  z-input  fixed  at  z  .  Without  loss  of 

nominal  1 

generality,  suppose  the  entry  corresponding  to  s=0Ax=xi  Az=z  in  the  L- 
table  describing  F  is  a  0  for  some  x^e{0,l},  then,  the  entry  corresponding 
to  s=1Ax=XjAz=z1  is  a  1 ,  the  entry  corresponding  to  s=0Ax=x^Az=z^  is  a 
1,  and  the  entry  corresponding  to  s=lAx=x^Az=z^  is  a  0.  In  any  test 
sequence  to  the  cell  to  check  the  four  entries  corresponding  to  z=z  , 

•  •  a 

there  must  exist  two  consecutive  steps  (s=lAx=x^Az=z^)-(s=OAx=x^Az=z^) 

or  (s=0Ax=Xj  Az=zl)-(s=lAx=XjAz=z^) .  With  z-input  fixed  at  z^ ,  if  there 

were  some  fault  in  the  logic  of  the  cell  causing  the  response  of  O  ,, 

nominal 

instead  of  <-)nomjnaj  should  the  cell  be  fault- free,  in  responding  to  the 

horizontal  input  sequence  of  I  ,  ,  to  the  cell,  then  the  fault  either 

nominal 

would  have  been  rendering  an  output  of  0  while  the  state  is  at  s^c{0,l} 
with  the  input  combination  at  x=x^Az=z^  and  rendering  an  output  of  1 
while  the  state  is  also  at  s^  with  the  input  combination  also  at  x=x^Az=z^ , 
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which  is  a  contradiction,  or  would  have  been  rendering  an  output  of  0  while 
the  state  is  at  [0,1 }  with  the  input  combination  at  x=x^Az=z^ ,  which  is 
also  a  contradiction. 

If  the  response  to  the  essential  part  oi  the  test  schedule  is  in¬ 
correct,  then  the  presence  of  a  faulty  cell  is  detected  rand  there  is  no  need 
to  use  the  subsequent  part  of  the  test  schedule. 

The  fact  that  the  response  to  the  essential  part  of  the  test  schedule 

is  nominal  enables  one  to  use  the  subsequent  part  of  the  test  schedule 

which  is  the  part  to  test  the  four  entries  corresponding  to  z=z^  for  the 

first  to  the  last  cell  in  the  cascade  one  by  one.  By  applying  z^  to  each 

z-input  of  the  second  to  the  last  cell  and  appropriate  sequence  of  input 

combination  to  the  first  cell,  the  first  cell  cai.  thus  be  tested  completely. 

The  only  fault  in  the  first  cell  which  might  produce  :he  nominal  response 

at  its  output  is  the  one,  in  effect,  causing  the  cell  to  realize  F*  instead 

x,z 

of  F.  But  this  is  excluded  by  the  condition  (2) .  After  the  first  cell  has 
been  checked  to  be  fault- free  by  applying  z^  to  all  z- inputs  except  the 
z-input  of  the  second  cell,  z^  to  the  z-input  of  the  second  cell,  and 
appropriate  horizontal  input  sequence  to  the  first  cell,  the  test  on  the 
second  cell  can  thus  be  completed.  In  a  similar  manner,  all  cells  in  the 
cascade  can  be  tested  in  succession. 

Case  3.  The  conditions  (l) ,  (2)  ,  and  (3)  are  satisfied  but  neither  the 
constraint  in  case  1  nor  the  constraint  in  case  2  is  satisfied. 

Under  this  case ,  there  exists  precisely  one  z  ^  e [0 , 1  }  such  that 
F(0,0,z  WF(0,l,z),  F(l  ,0  ,z.)  =  F(l ,  1  ,z  ) ,  F(l ,  0  ,z.)^F(l  ,  1  ,zj  ,  and 

11  i  1  11 

F(0 ,0,z  )=F(0,1  ,z  )  and  there  exists  some  column,  say  corresponding  to 
x-x^hz=z^  where  x^.z^eiO.l},  in  the  L-table  such  that  the  two  entries 
under  that  column  are  distinct,. 

Since  there  exists  some  column  in  the  L-table  such  that  the  two 
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entries  under  the  column  are  distinct,  a  cascade  of  n  cells  under  this 
case  can  be  initialized  to  some  state  with  some  sequence  of  n  steps  of  in¬ 
put  combination. 

The  essential  part  of  the  test  schedule  is  applying  an  appropriate 
sequence  of  n  steps  of  input  combination  to  a’l  n  cells  in  the  cascade  to 
initialize  the  cascade  to  some  state,  say  SqSqSq.  ..  .s^,  where  s*,  s^, 

Sq  ,  .... s^r  {0 , 1 } ,  followed  by  appropriate  sequence  of  input  combinations 
to  check,  for  each  of  all  cells  in  the  cascade,  the  four  entries  in  the  L- 
table  corresponding  to  s=0Ax=0Az=z^ ,  s=0Ax=l Az=z  ,  s=lAx=0Az=z^  ,  and 
s=1Ax=1Az=z:  .  If  the  response  to  the  essential  part  of  the  test  schedule 
is  nominal,  then,  by  virtue  of  applying  appropriate  z-input  to  each  of  the 
second  to  the  last  cell,  the  existence  of  a  sensitized  path,  while  com¬ 
pleting  the  test  on  the  first  cell,  is  assured.  By  applying  aporopriate  z- 
input  to  a  cell  here,  it  is  meant  that  z^  is  applied  to  z-input  of  the  cell 
while  its  state  is  supposedly  at  0  and  z^  is  applied  to  the  z-input  of  the 
cell  while  its  state  is  supposedly  at  1 .  In  fact,  the  fault  in  the  logic 
within  the  cell  that  can  produce  the  nominal  response  with  respect  to  the 

input  sequence  I  .  ,  supposed  to  check  the  four  entries  the  essential 

nominal 

part  of  test  schedule  is  designed  to  check  is  the  one,  in  effect,  causing 
the  logic  to  realize  some  Boolean  function  F^  which  is  consistent  with 
F*  z  at  least  at  the  four  entries  corresponding  to  s=0Ax=0Az=z1 , 
s=0Ax=1Az=7j  ,  s=1Ax=0Az=Zj  ,  and  s=1Ax=1Az=Zj  ,  while  the  state  of  the 
cell  is  incorrectly  initialized  at  where  s^  is  the  supposed  initial  state 
of  the  cell.  This  situation  does  not  prevent  the  cell  from  correctly  re¬ 
sponding  to  any  change  in  x- Input  as  long  as  the  appropriate  z-input 
is  applied  to  tnis  cell.  As  to  the  situation  where  the  logic  of  the  cell  is 
correct  but  its  state  is  incorrectly  initialized  at  due  to  a  fault  in  one 
of  the  preceeding  ceils,  as  long  as  appropriate  z-input  is  applied  to  the 
cell  at  each  test  step,  no  horizontal  input  sequence  can  produce  the 
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response  of  O  where  O  ,  is  the  nominal  response  with 

nominal  nominal 

respect  to  I  ,  while  the  initial  stale  is  sn. 

nominal  0 

If  the  response  to  the  essential  part  of  the  test  schedule  is  in¬ 
correct,  then,  the  presence  of  a  faulty  cell  is  detected  and  there  is  no 
need  to  proceed  with  the  subsequent  part  of  the  test  schedule. 

The  fact  that  the  response  to  the  essential  part  of  the  test  schedule 
is  nominal  enables  one  to  proceed  to  the  subsequent  part  of  the  test 
schedule  which  is  the  part  to  test  the  other  four  entries  corresponding  to 
s=0Ax=0Az=z^ ,  s=0Ax=1Az=Zj ,  s=lAx=0Az=z^  and  s=1Ax=1Az=z^  for  the 
first  to  the  last  cell  in  the  cascade  in  succession.  The  only  fault  in  any 
cell  in  the  cascade  which  might  produce  the  nominal  response  at  its  out¬ 
put  is  the  one,  in  effect,  causing  the  cell  to  realize  F*  instead  of  F. 

X  /  z 

But  this  is  excluded  by  the  condition  (2).  Therefore,  the  presence  or 
absence  of  a  faulty  cell  in  cascade  can  be  detected.  Jf 

Theorem  27:  A  faulty  cell  in  a  one-dimensional  array  of  identical  cells  of 
the  type  as  shown  in  Figure  3  can  be  located  with  an  uncertainty  of  1  if 
and  only  if 

(1)  the  array  is  testable,  i.e.  ,  the  conditions  (l)  ,  (2)  ,  and  (3)  stated  in 
Theorem  26  are  satisfied,  and 

(2)  the  response  to  the  essential  part  of  the  test  schedule  described  in  the 
proof  for  Theorem  26  is  nominal. 

Proof:  Necessity 

That  an  array  is  testable  is  essential  to  the  location  of  a  faulty 
cell,  hence,  the  condition  '1)  here  is  necessary. 

If  the  array  is  testable  but  the  response  to  the  essential  part  of 
the  test  schedule  described  in  the  proof  for  Theorem  26  is  not  nominal  for 
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each  of  all  possible  alternatives  ,  then,  as  one  can  see  while  following 
the  proof  for  Theorem  26,  the  presence  of  a  faulty  cell  in  the  cascade  can 
thus  be  detected  but  there  exists  no  proper  sensitized  path,  the  faulty 
cell  could  be  at  anywhere  from  the  first  to  the  last  cell  position.  Thus, 
the  location  of  the  faulty  cell  with  an  uncertainty  of  1  is  impossible. 

Sufficiency 

Following  the  Sufficiency  part  of  the  Proof  for  Theorem  26,  it  is 
easy  to  see  that  the  addition  of  the  condition  (2)  here  to  the  conditions 
(1) ,  (2)  .  and  (3)  stated  in  Theorem  26  essentially  enables  the  complete 
test  on  the  first  cell  to  the  last  cell  in  the  cascade  in  sucession.  There¬ 
fore,  a  faulty  cell  in  the  cascade  can  be  located  with  an  uncertainty  of  1.  JT 

C.  General  Conditions  for  Testability 

Two  necessary  conditions  that  must  be  satisfied  for  array  testing 
for  the  detection  of  the  presence  of  a  faulty  cell  in  a  second  category 
sequential  array  are  the  Condition  A*  and  the  Condition  B*  as  follows. 

Condition  A*:  Some  test  crquence  to  test  a  cell  completely  must 
be  applicable  to  every  cell  in  the  array. 

Condition  B*:  The  sequence  of  outputs  of  any  cell  in  the  array 
with  response  to  any  test  sequence  must  be  (correctly)  reconstruct- 
able  from  some  sequence  of  boundary  outputs,  i.e, ,  it  can  be 
uniquely  determined  by  observing  a  sequence  of  some  boundary 
outputs  of  some  length. 


4  For  an  example,  it  is  possible  that  F(0,0,z,)=F(l  ,0,z  ) ,  F(0,l,z  )* 

F(1 , 1 ,  z .),  and  F(0,0,z  )^F(0,1  ,zj  for  z.eZ  also  F(0,0,z2)=F(l  ,0,zj , 
F(0,1  ,z2)=F(l  ,1,z2)  an^  F(0,0,z2)L/F(0,l  ,z2)  for  z2eZ  where  Sgjfe  . 
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These  two  conditions  together  are  sufficient  for  the  detection  of  the 
presence  of  single  faulty  cell  in  an  array. 


It  is  further  assumed  in  the  remainder  of  this  Chapter  that  some 
test  sequence  fbr  a  cell,  with  which  it  can  be  determined  whether  or  not 
the  ceL  is  faulty,  is  known  [5],  [6],  [9],  [15],  Furthermore,  it  is 
assumed  that  each  cell  in  an  array  is  a  reduced  machine  and  despite  the 
presence  of  a  faulty  cell  in  an  array,  all  cells  except  the  faulty  one  can 
be  correctly  initialized  to  a  unique  initial  state. 

A  machine  is  said  to  be  information  lossless  (II)  if  the  initial 
state,  the  final  state,  and  the  response  to  an  unknown  input  sequence  are 
sufficient  to  uniquely  determine  the  unknown  input  sequence.  A  machine 
M  is  defined  to  be  IL  of  finite  order  r  if  M  is  IL  and  the  initial  state,  the 
current  and  last  r  output  symbols  are  sufficient  to  uniquely  determine  the 
rth  past  input  symbol,  r  is  the  smallest  integer  which  satisfies  this 
definition.  Procedures  for  testing  whether  or  not  a  machine  is  IL  or  IL  of 
finite  order  are  given  in  Huffman  [7]  and  Even  [4]. 

If  a  finite-state  machine  M  with  finite  nonempty  state  set  S  is  IL 
of  finite  order  r,  then  the  obvious  upper  bound  for  r  is  |  ^  |  -  Given  a 

deterministic,  reduced,  strongly-connected,  completely-specified,  and 
finite-state  machine  M  with  finite  nonempty  state  set  5,  finite  nonempty 
input  set  I,  finite  nonempty  output  set  O,  and  |lj=|0|  ,  if  M  is  IL  of 
finite  order  r,  then  a  lower  upper  bound  for  r  can  be  given  in  the  form  of 
a  conjecture  as  follows:  r  £  Uog2jc!j  where  [aj  denotes  the  largest 
integer  not  greater  than  a . 

For  a  machine  M=(I,0,S,5 , 0)  where  I,  O,  S,  6,  and  0  are  finite 
nonempty  input  set,  finite  nonempty  output  set,  finite  nonempty  state  set, 
next-state  mapping,  and  output  mapping,  respectively,  specifically, 
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6:SxI-*S  and  g:SxI-«C,  J  is  used  to  denote  a  sequence  of  symbols  over  the 
set  I  of  some  length,  e.g. ,  _I— i213 ♦  *  •  *i]c'  where  ^  *  i2<  *3'  •  •  •  •  *  ^cl, 
is  an  input  sequence  of  length  k,  the  length  of  the  sequence  J  is  denoted 

A 

by  lg(l).  The  extension  of  6  over  input  sequences  is  denoted  by  6,  e.g. , 

A 

6(s,I)  is  the  state  M  enters  when  starting  in  state  s  and  applying  the  in¬ 
put  sequencej.  The  state  sequence  formed  is  denoted  by .6,  e.g., 

6.(s,X)  denotes  s^s^. ..  .s^  where  X^x^x^x^. ..  .x^,  Sq=s,  sk=6(s,X), 

and  si=6(si  ^x^)  for  Vic {1 ,2 ,3 . . k } .  The  similar  notation  is  used  for 

O  and  j). 

D.  One-Dimensional  Arrays 

1 .  Arrays  with  Autonomous  Cells .  Where  Z=Z=0  and  X=X^0 


Given  the  next-state  mapping  and  the  output  mapping  for  a  cell 
as  5:SxX-S  and  B:SxX-X,  respectively,  the  cell  is  said  to  be  x/x- informa¬ 
tion  lossless  (x/x-IT)  if  and  only  if  for  each  pair  (s  ,X)  there  does  not 
exist  aX^  such  that  6(s  ,X^)=6(s  ,X)  and  _9(s  (X^jUs  ,X) .  A  procedure 
given  in  Breuer  [3]  can  be  used  for  testing  whether  or  not  the  cell  is 
x/x-IL  or  x/x-IL  of  finite  order.  An  oriented  graph  G,  called  a  testing 
graph,  which  consists  of  a  set  of  nodes  and  a  set  of  branches,  is  to  be 
constructed.  Each  node  identifies  a  pair  of  states  (s^s^)  called  x- 
compatlble  state  pair.  States  Sj  and  form  a  x-compatible  state  pair 
(s^.Sj)  if  either 

PI:  there  exist  some  scS,  x,x^eX,  where  x^/x,  such  that  {(s.x)*^, 
fifs.x^Sj,  and  B(s,x)=B(s,xd) ,  or 

P2:  (s,  ,s  )  is  a  x-compatible  state  pair  and  there  exist  somex,x^cX, 
where  xa  is  not  necessarily  distinct  from  x,  such  that  6(3k,x)=s1# 


»(s1,rd)=s  ,  and  Ms^x^B^  .x*1) . 
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There  exists  a  branch  from  node  (s^,s^)  to  node  (s,,s^)  in  G  if  and  only  if 
these  two  nodes  satisfy  P2.  Then, 

Rl:  the  cell  is  x/x-IL  if  and  only  if  G  contains  no  node  of  the  form  (s ^ ,  s 
and 

R2:  if  the  cell  is  x/x-IL,  then  it  is  x/x-IL  of  finite  order  r  if  and  only  if 
G  is  loop  free  and  the  length  of  the  longest  path  in  G  has  r  nodes. 

Theorem  28:  A  one-dimensional  autonomous  array  is  testable  if  the  cell  is 
chosen  such  that  the  reduced  mapping  8  I  :X-X  is  one-to-one  (and/or  onto) 
for  VseS. 

Proof:  If  the  cell  of  a  one-dimensional  autonomous  array  is  chosen  such 

:X-X  is  one-to-one  for  VseS,  then  gj^:X-X 
is  also  onto  for  VseS,  what's  more,  the  cell  is  x/x-IL  of  zero  order,  or 
equivalently,  any  change  in  the  cell  input  induces  some  change  in  the 
cell  output  at  any  instance  (meaning  for  VseS) .  The  procedure  of  testing 
the  array,  say  of  N  cells  ,  .  .  . .  ,  and  chosen  as  above,  is 

as  follows,  first  for  i=l ,  then  for  i=2 ,  i=3,  .  ..  ,  and  finally  i=N. 

(1)  Initialize  ,  ....  and  to  the  unique  initial  state. 

(2)  Apply  input  sequence  X  to  C  such  that  the  input  sequence  to  C  is 

t  1  1 

X  which  is  a  test  sequence  to  test  a  cell  completely. 

(3)  Reconstruct  the  response  of  in  responding  to  the  test  sequence 
X*  by  observing  the  boundary  output  sequence  (i.e. ,  the  output 
sequence  of  here) . 

Suppose  0^  is  faulty  by  the  assumption  of  the  presence  of  single  faulty 
cell,  0^  must  be  operating  correctly  for  all  Je  {l ,  2 , . . . ,  i-1 ,  i+1 , . . .  ,N } . 
Hence,  any  x- input  is  correctly  applicable  to  at  any  instance  meaning 
that  any  test  sequence  is  correctly  applicable  to  C.;  furthermore,  tl  i 


that  the  reduced  mapping  8 
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output  sequence  of  C.  is  correctly  reconstructable  from  the  boundary  output 
sequence.  Then,  the  perturbed  output  sequence  of  C,  inresponding  to  the 
test  sequence  to  reveals  that  is  in  error,  f 

Note  that  it  is  impossible  to  locate  a  faulty  cell  for  any  array  here. 

2 .  Arrays  With  the  Typical  Cell  Having  No  External  Cell  Input.  Where 
Z=0  ,  Z/0  ,  and  X=X/0 

Given  the  next-state  mapping  and  the  output  mapping  for  a  cell  as 
6:SxX-S  and  B:SxX-ZxX,  respectively,  let  8„:SxX-Z  and  B»:SxX-X  such  that 

Z  X 

0=Boc0„,  then,  the  cell  is  said  to  be  x/zx- information  lossless  (x/zx-II) 

Z  X  j 

if  and  only  if  for  each  pair  (s,X)  there  does  not  exist  aX  /X  such  that 
6(s  ,X^)=6(s  ,)p  and  j3(s  ,X^)=_|(s  ,X) .  The  cell  is  said  to  be  x/z-information 
lossless  (x/z-lU  if  and  only  if  for  each  pair  (s  ,X)  there  does  not  exist  a 
X*Vx  such  that  S (s  ,Xd)=5  (s  ,X)  and  l^(s  A(s  ,X) .  To  test  for  x/zx-IL 

—  Z  Z  “ 

or  x/zx-IL  of  finite  order,  the  procedure  in  Section  IV.D.l.  is  applied,  and 

the  appearances  of  x/x-IL  in  R1  and  R2  are  replaced  by  x/zx-IL.  To  test 

for  x/z-ILor  x/z-ILof  finite  order,  the  same  procedure  is  applied  except 

all  appearances  of  B  are  replaced  by  B* ,  and  the  appearances  of  x/x-IL 

z 

in  R1  and  R2  are  replaced  by  x/z-IL. 

A  A 

Theorem  29:  A  one-dimensional  array  with  Z=0 ,  Z^0,  and  X=X/0  is  test- 

-s 

able  if  the  cell  is  chosen  such  that  the  reduced  mapping  8*  .  :X-X  is  one- 

X  J  s 

to-one  for  Vs  eS . 

Proof:  The  proof  is  similar  to  that  for  Theorem  28.  Note  that  part  of  the 
response  of  a  cell,  namely  the  output  sequence  at  z-output,  in  responding 
to  a  test  sequence  is  directly  observable.  # 

Theorem  30:  If  some  test  sequence  is  applicable  to  every  cell  in  a  hori¬ 
zontal  cascade  of  identical  cells  with  Z=0,  Z/0,  and  X=X^0,  then  the 
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cascade  of  cells  is  testable  if  the  cell  is  either  x/zx-IL  of  finite  order  or 
x/z-IL  of  finite  order. 


Proof:  The  procedure  of  testing  the  cascade  of  n  cells  C  ,  C  ,  CL  ,  . . . .  , 

1  b  J 

and  chosen  as  stated  in  the  hypothesis  is  as  follows,  first  for  i=l , 
then  for  i=2 ,  i=3  ,  ,  and  finally  for  i=N . 

(1)  Initialize  C  ,  CL,  C_,  . . .  ,  and  C  to  the  unique  initial  state. 

1  c*  IN 

(2)  Apply  input  sequence  X.  to  such  that  the  input  sequence  to  C.  is 
X1  which  is  a  test  sequence  to  test  a  cell. 

(3)  Next  apply  to  any  known  additional  input  sequence  X^  of  length 
L=(N-i)r  if  the  cell  is  x/zx-IL  of  finite  order  r,  or  of  length  L=r  if  the 
cell  is  x/z-IL  of  finite  ier  r. 

(4)  Reconstruct  the  part  of  response,  namely,  sequence  of  x-output,  of 

C.  in  responding  to  X*  by  observing  the  boundary  output  sequence  of 

C,  ,  (at  z-output)  if  the  cell  is  x/z-IL  of  finite  order  or  by  observing 
i-t-1 

the  boundary  output  sequences  of  C.  +  ^ ,  C.  2 ,  .....  and  if  the 
cell  is  x/zx-IL  of  finite  order  in  responding  to  the  input  sequence  of 
XrtX^  to  Cj .  The  output  sequence  at  z-output  of  in  responding  to 
X  is  directly  observable. 

The  presence  of  a  single  faulty  cell  in  the  cascade  can  thus  be  detected. 

Following  the  Proof  for  Theorem  30,  one  has  the  following. 

Theorem  31:  If  some  test  sequence  is  applicable  to  every  cell  in  a  hori- 

a  «*> 

zontal  cascade  of  identical  cells  with  Z=0,  Z/0,  and  X=X/0,  then,  a 
single  faulty  cell  in  the  cascade  can  be  located  with  an  uncertainty  of  2 
if  the  cell  is  x/z-IL  of  finite  order. 


3.  Arravs  With  X=X/0 


and 


Given  the  next-state  mapping  and  the  output  mapping  for  a  cell  as 
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6:SxXxZ-S  and  PiSxXxZ^X,  respectively,  in  a  horizontal  cascade  where  the 

z-input  to  each  cell  is  a  boundary  input,  then,  the  cell  is  said  to  be 

x/x-IL  if  and  only  if  for  each  triplet  (s,X,Z)  there  does  not  exist  a  x'Vx 
a  ci  ^  d 

such  that  6 (s  ,X  ,Z)=6 (s  ,X,Z)  and  J3(s  ,X  ,Z)=j3(s  ,X,Z) .  The  procedure  for 
testing  whether  or  not  the  cell  is  x/x-IL  or  x/x-IL  of  finite  order  is  same  as 
that  in  Section  IV.D.l.  except  the  arguments  for  6  and  (3  are  adjusted 
accordingly. 

Theorem  32:  If  the  cell  of  a  cne-dimensional  array  with  X=X/0,  Z/0,  and 

A  1  S  » 

Z-0  is  chosen  such  that  the  reduced  mapping  pj^iXxZ-X  is  onto  for  VseS, 
then,  any  test  sequence  is  applicable  to  every  cell  in  the  array. 

Theorem  33:  If  some  test  sequence  is  applicable  to  every  cell  in  a  horizontal 
cascade  of  identical  cells  with  X=X/0 ,  Z/0 ,  Z=0  and  the  cell  is  x/x-IL  of 
finite  order,  then,  the  cascade  is  testable. 

Proof;  The  proof  is  similar  to  that  for  Theorem  30  under  the  situation  the 
cell  there  is  x/zx-IL  of  finite  order  except  (2) ,  (3) ,  and  (4)  should  be  as 
follows . 

1  2 

(2)  Apply  boundary  input  sequences  (X.  ,Z *)  to  C  ,  Z.  to  C 

N  11112 

.....  and  Z.  to  C_,  euch  thut  the  input  sequence  to  C. 

*~iN  i 

is  a  test  sequence  to  test  a  cell  completely. 

(3)  Next  apply  any  known  additional  boundary  input  sequences  (Xa,z|a) 
to  ,  Z^a  to  C2 ,  ....  and  Z^a  tc  each  of  length  L=(N-i)r  if  the 
cell  is  x/x-IL  of  finite  order  r. 

(4)  Reconstruct  the  response  of  in  responding  to  the  test  sequence 

(X^Z*)  by  observing  the  boundary  output  sequence  at  Cjj  of  length 
lg(X*)+(N-i)r  in  responding  to  the  boundary  input  sequences 
(XjXf.zJzl6)  t0  cr  zjzf*  to  C2 . and  zfzf3  to  C,,.  # 


,Zt3toC3, 
is  (XT',Z1  which 
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The  status  of  a  cell  at  one  particular  instance  can  be  denoted  by  a 
triplet  (S  ,x^,z^)  where  s^,  x^ ,  z^  are  the  state,  the  input  at  the  x-input, 
the  input  at  the  z-input,  respectively,  of  the  cell  at  that  particular  instance. 

Define  the  eet  of  potentially  information  lossy  statuses^  as 

d  d  d 

S={(s  ,x,z)  |  seS  ,xeX,zeZ  and  ^  x  (X  with  x  /x  satisfying  0(s  ,x,z)=3(s  ,x  ,z) 

L 

The  following  Theorem  is  then  obvious. 

Theorem  34;  If  some  test  sequence  is  applicable  to  every  cell  in  a  hori- 

A 

zontal  cascade  of  identical  cells  C.C  ,  . . . ,  and  C.  with  X=X/0 ,  Z/0 

12  M 

and  Z=0  but  the  cell  is  not  x/x-IL,  the  presence  of  an  error  in  C.  is  still 
detectable  by  observing  the  boundary  output  sequence  if  none  of  C.+  ^ , 

Ci+2'  *  •  •  *  and  is  in  a  status  in  the  set  during  the  testing  for  C. . 

4.  Arrays  With  X=X/0  ,  Z/0  ,  and  Z/0 

Given  the  next-state  mapping  and  the  output  mapping  for  a  cell  as 

A  A 

6:SxXxZ-*S  and  0:SxXxZ~ZxX,  respectively,  in  a  horizontal  cascade  where 
the  z-input  to  each  cell  in  the  cascade  is  a  boundary  input,  let 

A  A 

B„:SxXxZ-Z  and  0,.:SxXxZ-X  such,  that  S=B-xB«,  then,  the  cell  is  said  to 

X  2  Z  X 

be  x/zx-IL  if  and  only  if  for  each  triplet  (s,X,Z)  there  does  not  exist  a 
X  /X  such  that  6 (s  ,X  ,Z)=5(s  ,X,Z)  and  J3(s  ,X  , Z)=_8(s  ,X,Z) .  The  definition 
for  x/z-IL  is  similar  to  that  for  x/zx-IL  except  the  appearances  of  are 
replaced  byjk.  The  procedure  for  testing  whether  or  not  the  cell  is 
x/zx-IL,  x/zx-IL  of  finite  order,  x/z-IL,  or  x/z-IL  of  finite  order  is 
similar  to  that  in  Section  IV.D.l.  where  the  adjustment  on  the  arguments 

5 

'  A  remark  with  regard  to  the  special  case  in  Section  IV.  B.  can  be  made 
here.  It  is  not  assumed  there  that  all  cells  can  be  correctly  initialized 
to  a  unique  initial  state.  The  cell  in  a  horizontal  cascade  of  cells  satis¬ 
fying  the  hypothesis  in  Theorem  26  might  not  be  x/x-IL,  but  a  particular 
input  to  the  z-input  of  a  cell  could  prevent  the  cell  from  entering  into 
any  potentially  information  lossy  status,  thus,  render  the  detection  of  a 
faulty  cell  in  the  cascade  possible. 
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for  6  ,  P,  and  B*  is  required, 
z 

Theorem  35:  If  the  cell  of  a  one-dimensional  array  with  X=X/0,  Z/0,  and 
A  IS 

Z/0  is  chosen  such  that  the  reduced  mapping  3*  !  :XxZ-*X  is  o  .to  for  VseS, 

X  J  s 

then,  any  test  sequence  is  applicable  to  every  cell  in  the  array. 

A  good  understanding  of  the  proof  for  Theorem  30  and  that  for 
Theorem  33  enables  one  to  justify  the  following  theorem. 

Theorem  36:  If  some  test  sequence  is  applicable  to  every  cell  in  a  hori¬ 
zontal  cascade  of  identical  cells  with  X=X/0 .  Z/0,  Z/0,  and  the  cell  is 
either  x/z-IL  of  finite  order  or  x/zx-ILof  finite  order,  then,  the  cascade 
is  testable. 

d  d 

Define  T  ={(s ,x,z)  jseS,xcX,ZfZ  and  >  x  fX  with  x  /x 

^  d 

satisfying  3*(s  ,x,z)=p.(s  ,x  ,z)}. 
z  z 

The  following  theorem  is  obvious. 

Theorem  37:  If  some  test  sequence  is  applicable  to  every  cell  in  a  hori¬ 
zontal  cascade  of  identical  cells  C,  ,  C„  ,  . . . .  ,  C.T  with  X=X/0,  Z/0,  and 

1  L  N 

A  A 

Z/0  but  the  cell  is  neither  x/z-IL  nor  x/zx-IL,  the  presence  of  an  error  in 
Cj  is  still  detectable  by  observing  the  boundary  output  sequences  at  C., 

C  ,  . . . ,  CN  if  none  of  C ,  C  ,  . . . .  ,  and  is  in  a  status  in  the 
set  or  the  set  T^  during  the  testing  for  C^. 

Theorem  38:  If  some  test  sequence  is  applicable  to  every  cell  in  a  hori¬ 
zontal  cascade  of  identical  cells  with  X=&/0,  Z/0,  and  2/0,  then  a 
single  faulty  cell  in  the  cascade  can  be  located  with  an  uncertainty  of  2 
if  the  cell  is  x/z-IL  of  finite  order. 

E.  Two-Dimensional  Arrays 

Given  the  next-state  mapping  and  the  output  mapping  for  a  cell  as 

6:SxXxZ-S  and  3:SxXxZ-ZxX,  respectively,  let  B«:SxXxZ-*Z  and  B»:SxXxZ-*X 

z  x 
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such  that  3=g^xe^,  then,  one  has  the  following  theorem. 

Theorem  39:  If  the  cell  of  a  two-dimensional  array  is  chosen  such  that 

''S-'Z 

(1)  the  reduced  mapping  3~  I  j  :X-X  is  onto  for  VseS  and  Vz?Z  and  the  re- 

-|  Si ®  ^ 

duced  mapping  3*  i  :Z-2  is  onto  for  VsrS  and  VxeX, 

Z  J  S  J  X 

p  2  ^  q  2  ^ 

(2)  |x|2|z|  and  the  two  reduced  mappings  3-  |  I  :X-*X  and  3*  ;  j  :X-Z 

X  J  S  J  2  Z  J  S  J  Z 


are  both  onto  for  VseS  and  VzeZ,  or 


(3)  |Z|2|X|  and  the  two  reduced  mappings  3a1^~1X;Z-X  and  3a'i^1^:Z-*Z 

1,1  xjsjx  zjsjx 

are  both  onto  for  VsfS  and  VxeX, 

then,  any  test  sequence  is  applicable  to  every  cell  in  the  array. 

Proof:  Suppose  the  hypothesis  holds,  then,  at  any  instance,  i.e.  ,  no 
matter  the  states  all  cells  are  in,  any  input  combination  to  a  cell  is 
applicable  to  any  cell  in  the  array  with  an  application  of  some  boundary 
inputs.  Thus,  any  test  sequence  is  applicable  to  every  cell  in  the  array.  , 

If  the  hypothesis  in  Theorem  39  is  not  satisfied,  then,  in  order 

that  a  test  sequence,  say  (X^Z*) ,  where  Xt=x  x  x  . .  ,x  and 
^  i  2  T  p 

Z  =z1z.z„ . .  .z  ,  may  be  applicable  to  the  cell  (i ,  j)  in  ith  row  and  jth 
“  12  3  p 

column  of  a  MxN  array,  at  every  particular  instance,  say  at  time  t^, 
lsk£p,  all  the  states  in  the  cells  in  the  first  i  rows  and  the  first  j 
columns  except  the  cell  (i ,  j)  must  be  known  and  the  marking  of  CISO- 
statuses  (tessellation  problem)  on  these  cells  must  be  solved  where  the 
input  combination  to  the  cell  (i , j)  is  to  be  (x^,z^)  and  the  CISO-status 
compatibility  of  a  cell  with  respect  to  its  neighboring  cells  is  to  be  met. 

A  cell  is  said  to  be  information  lossless  (II)  if  and  only  if  for  each 
triplet  (s,X,Z)  there  does  not  exist  X^,  Zd,  where  either  X^tOC  or  z'Vz  or 
both,  such  that  S(s,Xd,Zd)=6(s,X,^  and  j3(s .X^zVbJs ,X,Z) .  In  con¬ 
structing  a  testing  graph  G  for  testing  whether  or  not  a  cell  is  IL  or  IL  of 
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'*9p,-X  -r  £V?*q1b 


finite  order,  each  node  represents  a  compatible  state  pair  (s,,Sj)  *  where 


states  s.  and  s,  for 
i  J 


compatible  state  pair  (s.,s^)  if  either 

d  d  d  d 

P3:  there  exist  some  scS,  x,x  fX,  z,z  (Z,  where  either  x  ;/x  or  z  / z  or 


d  dv  d  d 

both,  such  that  6(s,x,z)=s.,  6(s,x  ,z  )=s^,  and  p(s ,x,z)=0(s ,x  ,z  ), 


or 


d  d 

P4:  (s  ,s  )  is  a  compatible  state  pair  and  there  exist  some  x,x  fX,  z,z  cZ, 

^  ^  d  ^ 

where  x  is  not  necessarily  distinct  from  x  and  z  is  not  necessarily 
distinct  from  z,  such  that  6{s 
0(sk,x,z)=8(s1  ,xd,zd) . 

There  exists  a  branch  from  node  (s  ,s  )  to  node  (s.,s  )  in  G  if  and  only  if 

K  1  1  J 

these  two  nodes  satisfy  P4.  Then,  one  has  two  results  same  as  RI  and 
R2  in  Section  IV.D.l.  except  all  appearances  of  x/x-IL  are  replaced  by  IL. 


k,s,z)=s., 


6(s, 


4-. 


and 


Theorem  40:  If  some  test  sequence  is  applicable  to  every  cell  in  a  two- 
dimensional  array  and  the  cell  is  IL  of  finite  order,  then  the  array  is 
testable. 


Proof:  Suppose  a  MxN  array  of  cells  ^ < 


’  *  '  C1N'  C21 '  C22‘ 


'2N‘ 


CW1  >  Cw_ ,  . . . ,  and  CW.T  satisfies  the  hypothesis  and  the 
Ml  M2  MN 


cell  is  ILof  finite  order  r,  then,  the  testing  procedure  is  testing  M*N  cells 
one  by  one  starting  at  the  cell  ,  then  C 12,  C13,  . . . ,  •  C22' 


and  finally  C. ....  the  testing  on  the  typical  cell  C,,  is  as  follows. 
MN  lj 


(1)  Initialize  all  ceils  to  the  unique  initial  state. 

(2)  Apply  some  boundary  input  sequences  to  boundary  cells  such  that  the 
input  sequence  to  is  (X^Z*)  which  is  a  test  sequence  to  test  a 
cell  completely. 

(3)  Next  apply  to  boundary  cells  any  known  additional  boundary  input 
sequences  of  length  L=(M-i+N-j)r. 
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(4)  Reconstruct  the  response  of  C,^  in  responding  to  the  test  sequence 
(X* .Z*)  by  observing  the  boundary  output  sequences. 

Suppose  is  faulty,  by  the  assumption  of  the  presence  of  single  faulty 
cell,  all  other  cells  in  the  array  must  be  operating  correctly.  Hence,  the 
test  sequence  is  correctly  applicable  to  C. ^ ,  what's  more,  the  output 
sequence  of  C,^  is  correctly  reconstructable  from  the  boundary  output 
sequences.  Then,  the  perturbed  output  sequence  of  C  in  responding  to 
the  test  sequence  reveals  that  C.^  is  in  error.  JP 

d  d 

Define  U  =[(s  ,x, 2)  | srS  ,xeX,zeZ  and  }x  eX,z  fZ,  where  either 

d  d  d  d 

x  ^xorz  /z  or  both,  such  that  B (s ,x,z)=B(s ,x  ,z  )}.  Then  the  following 

theorem  is  then  obvious. 


Theorem  41:  If  some  test  sequence  is  applicable  to  every  cell  in  a  MxN 

array  of  cells  Cll'  °12 . C1N'  C21*  °22' - C2N . C 

C 


'M3 


M2 


t  •  •  •  9 


and  CMJvJ  but  the  cell  is  not  IL,  the  presence  of  an  error  in  C 


is  still  detectable  by  observing  the  boundary  output  sequences  if  none  of 


Ci(j+l) '  Ci(j+2) . CiN'  C(i+l)j'  C(i+l)(j+l)' 

C(i+2)  j '  C(i+2)  (j+1) . C(i+2)N . 


‘  ‘  '  C(i+l)N ' 

CMj'  CM(J+1)  '  CM(j+2) ' 


and  is  in  a  status  in  the  set  UT  during  the  testing  for  C... 

MN  L  ~  ij 


Theorem  42:  If  the  cell  of  a  two-dimensional  array  is  chosen  such  that  the 

reduced  mapping  p„  i  j  :X-X  is  onto  for  VstS  and  VzeZ  and  the  reduced 
-.Six  ®  ^ 

mapping  Pa  |  i  :Z-2  is  onto  for  VsfS  and  VxeX,  then,  a  single  faulty  cell 

Z  J  S  J  X 

in  the  array  can  be  located  with  an  uncertainty  of  at  most  M+N-l ,  where 
M  and  N  are  the  numbers  of  rows  and  columns,  respectively,  of  the  array. 


Proof:  Suppose  the  cell  of  a  MxN  array  of  cells  C  , 


. . . . ,  C 


IN' 


C0  . C.  ,  C.  . and  C  is  chosen 

„  2N^  Ml  M2  - 

such  that  Pa  \  :X-X  is  onto  for  VseS  and  VzfZ  and  Pa  j*:Z-*Z  is  onto 
xJsJz  z.JsJx 


C21'  °22 


for  VseS  and  VxfX.  Then,  by  Theorem  39,  any  test  sequence  is  applicable 
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«  A  ~>SlZ 

to  every  cell  in  the  array.  Since  X=X,  Z-=Z,  and  are  finite,  Ba  ,  :X-*X  is 

S  ^  Z  ^  J  S  J  2 

onto  for  VscS  and  Vz(Z  implies  that  B*  I  i  :X-*X  is  one-to-one  for  VseS  and 
"’SIX  -  xJsJz  -i  siX 

VzeZ,  and  B.  |  :Z-*Z  is  onto  for  VseS  and  Vx«X  implies  that  B  i  rZ-'Z 

Z  J  S  J  X  Z  J  S  J  X 

is  one-to-one  for  VsfS  and  VxfX.  Now,  suppose  cell  C^.  is  faulty,  then, 

by  the  assumption  of  the  presence  of  single  faulty  cell,  all  other  cells  in 

the  array  must  be  fault- free.  During  the  array  testing,  the  ic -output  of 

C  is  perturbed  due  to  the  fault.,  then,  the  x-output  of  C.^+^  is  perturbed, 

eventually  ,  the  x-output  of  C.^.,  which  is  a  boundary  output,  is  perturbed, 

while  the  boundary  outputs  at  C,.T,  C„.T,  C,..,  . . . . ,  and  C,.  are 

nominal,  if  the  z-output  of  C  is  perturbed  due  to  the  fault,  then,  the 

z-output  of  is  perturbed,  eventually,  the  z-output  of  C^,  which  is 

a  boundary  output,  is  perturbed,  while  the  boundary  outputs  at  C. ,  Cw_, 

Ml  M2 

C*c„,  . . . . ,  and  Cw/.  are  nominal.  Certainly,  the  presence  of  the  fault 
M3  Mlj-1) 

in  Cjj  is  detectable  at  boundary  outputs . 

Now,  suppose  in  responding  to  the  array  testing,  the  boundary  out¬ 


put  sequences  at  C1N,  C2N,  C3N, . C(p-l)N '  CM1*  °M2'  °M3 ' 

. , . .  ,  and  C.,,  are  nominal  out  that  at  C  ..  and  C.  are  perturbed  for 

M(q-l)  pN  Mq 

some  lspsM  and  l^qs;N,  and  that  at  the  remaining  boundary  cells  each 
might  be  nominal  or  perturbed,  then,  the  faulty  cell  could  be  any  one  of 


Clq'  C2n'  C3q . C(p-l)q'  Cpl'  Cp2 '  Cp3 . Cp(q-1)#  *nd  °pq' 

i.e. ,  the  faulty  cell  could  be  located  with  an  uncertainty  of  (p—  1) +(q—  1) +1— p+- 


C  ,  ,  and  C  , 

p(q-l)  pq 


q-1.  In  general,  the  range  of  uncertainty  is  from  1  to  M+N-l.  Thus,  the 
Theorem  follows.  0 
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